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Preface 



This book is a revised version of the authors Habilitationsschrift which was submitted 
to the Institut fiir Mathematik, Universitat Augsburg, June 1993. It was accepted in 
February, 1994. 

I apologize to the mathematical community that it took so long until this book 
is made available to a greater audience. Originally I planned to extend the material 
and present, jointly with Jochen Bruning, a larger treatise on geometric analysis. 
Although this idea is not given up completely, it is a long term project and so I decided 
to publish this Habilitationsschrift more or less as it is. I made some minor changes 
due to the suggestions of the referees, I tried to smooth a bit the terrible first English 
version (in summer 1993 I had to translate the original German manuscript within a 
few weeks), and I added a summary and some bibliographic notes to each chapter. Still, 
the reader can hardly overlook that English is not my mother tongue and I apologize 
in advance for the certainly remaining lingual errors. 

The reader should be familiar with basic functional analysis and the analysis of ellip- 
tic operators on compact manifolds. I also assume some familiarity with the asymptotic 
analysis of the heat trace. 

The book consists of five chapters. Although the chapters are not completely in- 
dependent and I suggest to read the book linearly, the book can be divided into two 
groups of chapters: 

- Chapters I, II and V present the theory of general Fuchs type differential opera- 
tors, including the asymptotic analysis of the heat kernel and an index theorem. 

- Chapters III and IV deal with operators of first and second order. They can be 
read more or less independently of the other Chapters. 

Usually I omit the chapter number in the numbering of equations. References like 
(|4. 1|) are used to refer to equation 4J. within the same chapter. From another chapter 



I would use the reference (|2|. |4.1| ) to refer to equation [4.1| in Chapter II. A few very 
common notations will be used in the text without explanation. These are listed at 
the beginning of the list of symbols on page 157. All other notations are explained at 
their first occurence and they are listed on page 157 with the page number of their first 
occurence. 

I curse the day on which I decided to set up names in small caps. Certainly the 
annoyance reached its climax when I had to change the word "Fuchs" into "Fuchs". 
Nevertheless, a book about Fuchs type operators should at least say a few words 
about Immanuel Lazarus Fuchs (1833-1902). He was a student of Weierstrass 
and building on work by the French mathematicians Briot and Bouquet, and on 
Riem Ann's memoir about the hypergeo metric equation, he initiated the systematic 
study of regular singularities of linear ordinary differential equations in the complex 
domain. In the English speaking world the term "regular singular operator" is more 
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common than "FUCHS type operator". The latter is used in Germany and since the 
original manuscript was written in German, I decided (laziness and an e of patriotism, 
admittedly!) to leave it as it is. Still, there will probably remain some inconsistencies 
about the typesetting in small caps. 

There are many people to thank. Foremost I am grateful to my advisor and col- 
laborator JOCHEN BRUNING for many years of joint work. I wish to thank Bert- 
Wolfgang Schulze for inviting me several times, first to Karl-Weierstrass In- 
stitut and then to University of Potsdam. A series of private lectures, in which he 
explained his calculus to me, essentially initiated the present work. 

My friends at Augsburg, of whom I would like to mention Norbert Peyerimhoff 
and Herbert Schroder, accompanied the project with interest and constructive 
criticism, mathematically and non-mathematically. 

Finally I thank Jurgen Tolksdorf for the careful proofreading and, of course, 
Ulrike for her love and patience. 



Berlin, June 1996 



Matthias Lesch 
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Introduction 



The aim of this book is to present the analysis of elliptic differential operators on 
manifolds with conic singularities, where the main emphasis is on the heat equation 
and its applications. 

Conic singularities combine two aspects. First, a manifold with conic singularities 
is the simplest example of a stratified space and its investigation is motivated by the 
desire to understand the analysis of operators on stratified spaces. Topologically these 
spaces are of iterated cone type, i. e. every point p has a neighborhood U which is 
topologically equivalent to 

K k x C(X), 

where C(X) is a cone over a stratified space of lower dimension. Hence, for the in- 
vestigation of these spaces it is necessary to understand the simplest case of a single 
cone. 

On the other hand, conical singularities and manifolds with boundary are closely re- 
lated and the investigation of differential operators on manifolds with conic singularities 
may essentially be viewed as a variant of special boundary value problems with non- 
local boundary conditions. For instance, there is a considerable similarity between the 
index formula Theorem |2.4.8| and the index formula of Atiyah, Patodi and Singer 
[APS|| . For Dirac operators both formulas are even identical if there are no small 
eigenvalues. 

Although conic singularities are interesting in itself, there also exist interesting appli- 



cations. We mention the analytic proof of the cobordism theorem ||L1|| and applications 
to metrics with positive scalar curvature | |L2| . This will be discussed in detail in Chapter 
IV. 

The investigation of conic singularities was initiated by Cheeger in his seminal 



papers fCl], |C^, |C3|| . Several papers about differential operators of order 1 and 2 followed 
Uhouj , |BS2j , |BS3| , |BS4|| . Analytically, a cone is just a cartesian product M := (0, e) x N 



with a Riemannian manifold N. In the simplest case the metric is given by 



dx 2 © x 2 gN- 



On M the geometric 1 st order differential operators have the form 

OX X 

with a symmetric 1 st order elliptic differential operator S (cf. Example 1-3 in Section 
LI) . Now, if one considers the algebra of differential operators generated by these 
operators, one obtains the so-called differential operators of Fuchs type, which in this 
context have been introduced independently by Melrose |M]] and Schulze [(Schl| , 
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Sch2|| . A differential operator of Fuchs type on M has the form 

x -«j^A h {x){-x^-)\ (1) 

where u, \i > and Ay. is a (smooth) family of differential operators on N. The smooth- 
ness assumption on the Ay. can be relaxed somewhat (cf. Definition 1.1.11] ), which is 



indeed necessary in examples. If the Ay. are (C-valued) analytic functions then this type 
of differential operators is, of course, well-known from the classical theory of ordinary 
complex differential equations. Melrose always considers operators of the so-called 
totally characteristic type, in which the weight factor x~ u is omitted. These operators 
are not modelled on cones but on complete manifolds with cylindrical ends. Schulze 



5ch2|1 puts v — fji. The introduction of the auxiliary parameter u, however, allows a 



bit more flexibility. 

A manifold with conic singularities is just a manifold with boundary and an addi- 
tional structure. This additional structure is the class of differential operators living 
on it. If E is a hermitian vector bundle on M then we denote by Diff M,l/ (M, E) those 
differential operators on E which have the form ([I]) on a collar of the boundary (cf. 



Definition 1.1.11 



Chapters I and II are devoted to the study of Fuchs type operators on a com- 
pact manifold with boundary. Here we have attempted to present the theory as self- 
contained as possible. The only prerequisites are the local theory of (pseudo) differential 
operators and of the heat kernel. As standard references we refer to the books of Shubin 



3h| and Gilkey O 



Section |LT] is devoted to the background of the theory In particular, a notion of 
ellipticity for Fuchs type differential operators is introduced (Definition |1.1.3|) . The 
notion of ellipticity used in this book is more general than the one in |[3ch2j , 1.2.2] (cf. 
the remark after Definition |1.1.4| and the bibliographic notes at the end of Chapter 
I). Furthermore, we recall some results of the local theory of (pseudo) differential op- 
erators. Then the adequate Sobolev spaces for Fuchs type differential operators, the 
weighted Sobolev spaces, are introduced. These are due to Schulze [ |Sch2|| . However, 



Proposition |1.2.8| , which is fundamental for later purposes, and the resulting embed- 
ding theorem with asymptotics (Corollary |1.2.9|) are new. For the presentation of these 
results it seems appropriate to recall briefly the theory of weighted Sobolev spaces. 

In Section L3 we construct parametrices for elliptic differential operators in DifP'". 
This could be done more conceptually by using the pseudodifferential calculus for conical 
singularities developed by Schulze. However, for several reasons we decided to present 
a parametrix construction independent of this theory: in this book we deal exclusively 
with differential operators. For these operators the parametrix can be constructed via 
a relatively simple ad hoc method. Basically we generalize the method of [ |B3"| , Sec. 3.] 
to operators of arbitrary order. However, in contrast to loc. cit. we use the MELLIN 
calculus. The direct method used in loc. cit. seems to be limited to operators of order 
1 and 2. 



On the other hand, Schulze's calculus is explained in detail in his books [(3chl| , 
Sch2|| . Therefore we do not want to repeat this here. Instead, for the purpose of a self- 
contained presentation, we decided to give a pedestrian approach to the parametrix 
construction. 



The main result of Section |1.3| is the following proposition (cf. Proposition |1.3.16|) . 
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Proposition 1 Let M be a compact manifold with boundary and let P an elliptic 
differential operator of Fuchs type. Then all closed extensions of P are Fredholm 
operators and the space 

T) ( -Pmax ) / *D ( -Pmin ) 

is finite dimensional. 



This proposition is a generalization of [B3J, Theorem 3.4]. The dimension of the 



space T>(P m&x ) /T>(P m i n ) can be expressed in terms of the Mellin symbol of the operator 
(Corollary |1.3.17| ), which generalizes ||BS3| , p. 671 ff]. At the end of Section [O] we note 



some consequences, for instance, a global Garding inequality (Proposition |1.3.18|) and 
an elliptic estimate with asymptotics (Corollary |1.3.20| ). 

The latter we take as a motivation for a certain axiomization, which is undertaken 



in Section [LJ. We consider an elliptic differential operator, P : C£°(E) — > C^°(E), on 
a hermitian vector bundle over a Riemannian manifold M. Let P be a closed extension 
of Pq. A priori M is not compact and hence may have singularities. Certainly, the 
following can serve as a coarse model for this situation: let U C M be an open subset 
with compact boundary such that M \ U is a compact manifold with boundary. U 
represents the singular set, e.g. a collar of the boundary of M in case of Fuchs type 
operators. Now we face the following problems: 

1. Is P a Fredholm operator? 

2. If we want to apply the heat kernel method, we need the operators e~ tp * p and 
e -tpp* £ Q k e Q f £ race c i ass This is certainly the case if we can prove discreteness 
and an a priori estimate 

A, > Cj s 

for the eigenvalues of the operators P*P, PP*. 

3. We assume that we have a "model manifold" (for instance the infinite cylinder 
(0, oo) x N) for the singular set. Let Pi be the model operator on the model 
manifold. Is it possible to compute the asymptotics of the heat kernel by means 
of the model operator? I. e. let (p be a cut-off function near U. Do we have 

Tr(^e- iP * p ) = Tr(^e-^ Pl ) + 0(t N ), t -> 

for arbitrary large N7 

4. If 1. - 3. are answered affirmatively, it remains to study the asymptotic expansion 
of the heat trace of the model operator. 

Now, the point is that we can answer 1. - 3. affirmatively by means of a single a 
priori estimate. 1. - 3. are satisfied, if there exists a g £ Lf oc [M) nC(M), g\U G L 2 (U), 
and a I G R + such that for s G V(P l ) with supp (s) C U we have 

\s(x)\ < g(x)(\\s\\ L 2 (UjE) + \\P l s\\ L 2 {U:E) ). 

We have called this estimate the singular elliptic estimate. Indeed, if U is an open 
subset of a compact manifold then this estimate follows, with g = const, from the 



elliptic regularity (Lemma |1 . 1 . 1 7| ) . For differential operators of Fuchs type it follows 
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from Corollary |1.3.2(J| . The remainder of Section |1.4| is devoted to the derivation of 1 . 
- 3. from the singular elliptic estimate. This allows a simple kernel estimate (Lemma 
4.5|) from which 2. and 1. follow. 3. follows from Duhamel's principle (page 40ff). 



In Section |1.4.1| we present a second example. Namely, we prove the singular elliptic 
estimate for the so-called Atiyah-Patodi-Singer (APS) boundary conditions. It 
will turn out that in Chapters IV and V Fuchs type operators and APS boundary 
conditions can essentially be treated simultaneously (see also below). 

It seems natural, that point 4. requires more special properties of the operators 
under consideration. Now we face the problem of computing the asymptotic expansion 

Tr{(pe- tL ), t -> 0, 



for a positive operator 

L = x-" A k {x){-x^-f 

on the model cone (0, oo) x N. Here, <p G C^°(R) is a cut-off function, which is 
1 in a neighborhood of 0. The crucial additional property is the scalability of these 
operators on the model cone. Namely, there is a natural action of the multiplicative 
group R + := (0, oo) on the space L 2 (R + , L 2 (E\N)) which is given by 

(U x f)(x) :=\$f(Xx). 
The fundamental observation is that in case of constant A k we have 



UxLUt = \~ V L. 



This scaling property was discovered by Cheeger for the signature operator Co] and 
has played a crucial role in the papers ]|Ca2| , PS1| , PS2| , pS3j , pS4j| . In another context 
it also occurs in the theory of wedge Sobolev spaces ||Sch2|| . 

The scalability allows us to apply the "singular asymptotics lemma" (SAL) of 
Bruning and Seeley [ BS1 ], Hence, in Section 2T we give a comprehensive exposition 
of the SAL and related results. For that purpose we introduce regularized integrals 
based on the Mellin transform. In our approach, the additional log-terms in SAL 
find their explanation as correction terms in a change of variables rule for regularized 
integrals (Lemma |2.1.4| ). For our purposes we have generalized SAL to cover finite 
asymptotic expansions with remainder terms. 

In Section [2.2| we exploit the above mentioned scaling property. We introduce in- 
variants of the Mellin symbol via £- and //-functions. These invariants will show up 
as coefficients in the expansion of the heat trace and in the index formula. 

The coefficients of t° and logt in the asymptotic expansion of the heat kernel can 
be calculated rather explicitly for operators of order 2. This we have worked out in 
Section |2]3| where the results, of course, are not new. However, we have tried to give a, 
as far as possible, self-contained presentation in which we have to refer to handbooks 
of special functions only at a few points. Moreover, we allow the whole situation to be 
equivariant under the action of a compact Lie group. Section TA contains our main 
results about Fuchs type differential operators on compact manifolds with boundary. 
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Theorem 2 Let L e DiS^(E) be a positive elliptic differential operator on a com- 
pact manifold with boundary. Let L be a positive self-adjoint extension. Denote by a n 
the local invariants of the heat kernel of L. Then, e~ tL is a trace class operator, for 
n < dimM the a n are integrable on M, and we have 



dimM-l „ 

n — dim i\/ 



n=0 



Tr(e-* L )~^ E LM0^t-T-+O(logt). (2) 



M 



An analogous result holds in the equivariant case, too (Theorem |2.4.1| ). An immediate 



consequence of Theorem |2J is the eigenvalue asymptotics of the operator L. As an 
application we obtain the 1 st term in the heat asymptotics for the Laplace operator on 
a singular algebraic curve. Even in the one-dimensional case this yields the leading 
term in the heat asymptotics and consequently the asymptotics for the eigenvalues 
of ordinary Fuchs type differential operators on a compact interval. Note that the 
asymptotic expansion (§) is independent of the choice of the closed extension. If the 
are constant for small x then we can prove a full asymptotic expansion (Theorem |2.4.6| ). 
A consequence is an index theorem and the G-equivariant version of the index theorem 
of Bruning and Seeley | |BS3| | (Theorem |2.4.£| ). However, we were not able to prove 



the full asymptotic expansion for arbitrary operators in Diff^ (cf. the discussion after 
Problem 



In Chapter III we deal with relative index theory. In this theory one considers pairs 
of differential operators of order 1 which coincide on a " complete end" . 

The origin of this theory certainly is the seminal work of Gromov and Lawson 
[ |GL]| on metrics with positive scalar curvature. They prove a relative index theorem 
for Dirac operators on complete manifolds. However, the proof did not use the heat 
equation method. Donnelly | |D1[ | published a heat equation proof for the relative 



signature of two manifolds, which essentially leads to a local version of the relative 
index theorem of Gromov/Lawson. For Dirac operators this has been carried out 
by Bunke ||Bul]1 . In this context the restriction to Dirac operators seems to be 



somewhat unnatural. In his work about hyperbolic equations Chernoff ||Ch|| states a 
natural condition (cf. Section |3.2| ) on the propagation speed of a symmetric operator, 
which guarantees essential self-adjointness on a complete manifold. 

Now, in the present work we consider pairs of Chernoff operators, which coincide 
on a complete end and satisfy the singular elliptic estimate over a " singular set" . First 
of all, one has to develop Fredholm criteria for these operators. These are analogous 
to those for complete manifolds because the singular elliptic estimate guarantees the 



'local FREDHOLMness" (Proposition |3.2.5| and |X?T9[) . The main result is a local relative 



index theorem (Theorem |3.5.10| ). In addition, we consider again the whole situation to 
be equivariant under the action of a compact Lie group. This is new even in the case 
of complete manifolds (Theorem |3.6.1| ). The tools for the proof of Theorem |3.5.10| are 



kernel estimates based on finite propagation speed and Duhamel's principle. Kernel 
estimates of this kind first occur in ||CGT|] . A considerable difficulty in this situation is 
that the McKean— Singer formula is non-trivial, since the operators under consider- 
ation are not trace class. The trace class property is replaced by a kernel estimate at 
infinity (Theorem |3.4.3|) . The method we present here is due to Donnelly |pi |. 



Chapter IV contains applications of the relative index theorem. For the discussion of 
those concepts, which typically require self-adjoint operators (e. g. spectral invariants), 
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it is first of all necessary to develop criteria for self-adjointness. In the presence of 
singularities it is by no means obvious that a given symmetric operator has self-adjoint 
extentions at all. Therefore, we continue the discussion of deficiency indices which 
we began in the papers | Ll , |L2|| . Given a symmetric operator with certain invariance 
properties, it is a natural question if self-adjoint extensions can be choosen in such a 
way that the invariance properties continue to hold. The purely functional analytic 
aspects of this problem are discussed in Section JO} This leads to deficiency indices 
taking values in a character ring or in KO~* (pt). The latter can be viewed as an "odd" 



version of the index construction of Atiyah-Bott-Shapiro. In Section 4.2 we show 



that (equivariant) deficiency indices localize near the singularities. Then we discuss the 
construction of self-adjoint extensions of 1 st order operators of Fuchs type and of APS 
type. Section |4.3| contains the equivariant versions of the deficiency index theorem of 
||L1|| . The case of C^-linear operators has already been announced in |[L2|| . Applications 
are an analytic proof of the (real) Cobordism Theorem for Dirac operators, where it 
plays no role whether the given DlRAC operator is compatible or not. The only crucial 
assumption is the form of the operator near the boundary (f4]. |3.9| ). Another application is 
an obstruction against the existence of metrics with positive scalar curvature (Theorem 
13^|) . 



In Section |4.4| Dirac-Schrodinger operators will be discussed. Consider a self- 
adjoint elliptic differential operator, D, of order 1 on a complete manifold. Even if 
this operator is Fredholm, its index is, of course, 0. In his paper [Cal| , Callias 
considered operators of the form 

D + iA (3) 

with a self-adjoint potential A on R n . The antisymmetric potential iA destroys the 
symmetry of the operator and Callias could prove an index theorem for these opera- 
tors. For several years, this theorem was not well understood and somewhat isolated. 
Recently, it has been taken up by several authors ||Cal| , RT|, |H], BM , AT, A~2 , Bu2 , |Ra 



and put into a wider context. It turned out that among other things there are interesting 
applications to metrics with positive scalar curvature. 

The form of the operator ([3]) indicates that there should be connections to deficiency 
indices: namely, if D is a symmetric operator with finite deficiency indices then these 
are Fredholm indices of the operator 



D ±i 



(4) 



(cf. Note |4.1.2| , Lemma iTO , Theorem (4.1.141 ). Hence this leads to the conjecture that 
the deficiency index theorem and the several versions of index theorems for Dirac- 
Schrodinger operators should be different aspects of a single theorem on manifolds 
with singularities. This is worked out in Section 4~4|. Here we can work in a rather 



general setting. We consider Chernoff operators on manifolds with complete ends 
and singularities. We assume that the operators have finite dimensional deficiency 
spaces and satisfy the singular elliptic estimate on the singular set. This axiomatic 
approach allows to deal with Fuchs type operators and APS boundary conditions 
simultaneously. Even in the complete case we achieve a certain progress since we can 
state the results equivariantly and for general Chernoff operators. Technical tools 
are the deficiency index theorem and the relative index theorem in Chapter III. Since 
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we allow the manifold to have conic singularities, we do not need the " ^-version 
Theorem 4.35] of the relative index theorem. 

In Chapter V we look a bit more closely at ^-functions. The behaviour of the 
poles of the ^-function of a self-adjoint differential operator P is determined by the 
asymptotic expansion of 

Tr(Pe~ ip2 ), t->0. (5) 

In Section |5.1| we present a general discussion of the relation between asymptotic ex- 
pansions as t — > 0, t — > oo of a real function and the meromorphic continuation of its 
Mellin transform. This is is related to the material of Section 271 and Section |5.1| can 
be viewed as an appendix to Section |2.1| . 

In Section [T2] we discuss the asymptotic expansion (|5|) for differential operators 
of Fuchs type. Technically, this is parallel to the discussion of the heat kernel such 
that the presentation can be given more concisely than in Chapter II. -^-functions of 
Fuchs type differential operators of order 1 were considered first by Cheeger [H4 - ], 
who investigated the signature operator on a manifold with conic singularities. As a 
by-product we also achieve the meromorphic extension of the 7/-function of operators of 
APS type, which is due to [p\V| 



local invariants of Ti(De 



-tD 2 



The crucial Lemma |5.2.4| shows that on a cylinder the 
vanish for these operators. Here again, as well as for the 



proof of the variation formula in Section |5.3| , our point of view is an axiomatic one. The 
existence of the //-function and the variation formula follow from the axioms (5.2.6)- 
(5.2.8). This is more general than [DW] and, in view of the technical requirements, it 
seems to be a progress and allows a more perspicuous presentation than loc. cit. This 
book ends with Section [573| which gives a short introduction to a new proof of the gluing 
formula for the ^-invariant. 
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Chapter I 

Differential Operators of Fuchs 

Type 



Summary 

As indicated in the introduction, our motivation for the study of Fuchs type differential 
operators is the fact that they are the "natural" differential operators on a manifold 
with conic singularities, or more generally, stratified spaces. Topologically, a manifold 
with conic singularities looks like 

MU (dM ^ {1}xdM) C(dM), (1) 

where M is a (compact) manifold with boundary and 

C(dM) = (dM x [0, l])/({0} x dM) 

is the cone over dM. If we remove the cone tip {0} x dM then we obtain a cylinder 
(0, 1] x dM. Thus, after removing the singularity, topologically the cone cannot be 
distinguished from a cylinder. 

From the analytic point of view the difference between a cone and a cylinder is the 
class of natural differential operators living on it. By natural differential operators we 
mean those provided by Riemannian geometry, e.g. Dirac and Laplace operators. 
Now, the metric cone over a Riemannian manifold N is (0, e) x N equipped with the 
metric 

dx 2 © x 2 gN. 

It turns out that the natural differential operators on a metric cone are differential 



operators of Fuchs type with operator valued coefficients. In Section |TT] we will 
discuss more extensively some situations in which Fuchs type differential operators 
occur naturally. 

Section provides the necessary background of the theory. We introduce Fuchs 
type differential operators and introduce a notion of ellipticity. We have tried to be 
as self-contained as possible. However we assume that the reader is familiar with the 
elements of global analysis, elliptic operators and the heat kernel. We will use freely 



the contents of |G[, |[R2|| , and |Sh|. At the end of Section [TT] we have included some 
facts about general differential operators which might not be on the mainstream of a 
first course in global analysis. 
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1. Differential Operators of Fuchs Type 



The construction of parametrices for elliptic operators of Fuchs type occupies Sec- 
tions L2 and L3. As already noted in the introduction, we have resisted the temptation 
to introduce a pseudodifferential calculus for Fuchs type operators. We prefer to use 
a direct method. Corollaries of the parametrix construction are a Fredholm criterion 
and an elliptic estimate with asymptotics. 

The latter will be exploited axiomatically in Section |1.4| where we invent the "sin- 
gular elliptic estimate" as a tool for proving trace class properties and kernel estimates. 

Finally, in the short appendix |1.4.1| we show that operators of Atiyah-Patodi- 
Singer ||APS| type also satisfy a singular elliptic estimate. 



1.1 Differential Operators, Mellin Transform and 

Conical Singularities 

The class of operators investigated in this book is motivated by certain operators arising 
in geometry. Hence we start with the introduction of a class of spaces. 



Definition 1.1.1 |PL2| , Sec. 2] Let M be a Riemannian manifold, dimM = m, with 



an open subset U C M, such that 



Mi := M \ U is complete with compact boundary N, (1.1) 

U is isometric to (0,e) x N, dimiV = m — 1 =: n, with metric g = 
h(x) 2 (dx 2 © x 2 g^{x)), where Qn^x) is a family of metrics on N , smooth in (1.2) 
x G (0,e) and continuous in x G [0, e), and h G C°°((0, e) x N) satisfies 



sup|(x<9 x ) j (aT c /i(x,p) - 1)| = 0(x s ) asx-^0, j = 0, 1 , (1.3) 

peiv 

and 



swp\\h(x,p) 1 d N h(x,p)\\ T *N, gN (x) = 0(x 5 ) asx^O, (1.4) 
for some 5 > and c > — 1 . 

Let 

g ° ■= dx 2 ®x 2 g N (0), 
g 1 := hT 2 g = dx 2 © x 2 gN(x) , 

and denote by V^V 1 the Levi-Civita connections for g°,g l with connection forms 
uj ,^ 1 . Then one assumes furthermore 

supds 1 - gT( x , p) + ~ ^I(,, P) ) = 0(x s ) , x - , (1.5) 
peiv 

where 5 is as above and the superscript refers to g°. 

A manifold satisfying these axioms is called a conformally conic manifold. 
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This seems to be the most general class of manifolds where "cone techniques" can 
be applied. We refer to [|BL2|| for more details, in particular for the discussion of 



KAHLER-manifolds. 

In particular, we see that conformally conic manifolds are quasi-isometric to man- 
ifolds with metrically conic singularities. However, for many analytical questions the 
notion of quasi-isometry is too coarse. We will see in due course how the axioms of a 
conformally conic manifold determine the analytical properties of the operators living 
on it. 



Example 1. ( PPS] , [BLg , |BE3fl ) Let V C CP N be an algebraic curve, £ := sing^ 
its singular locus. The Fubini-Study metric of the complex projective space CP N 
induces a KAHLER-metric on V \ E. Let tc : V — > V be a desingularization, equipped 
with the pull-back metric. Then any p 6 7r _1 (£) has a neighborhood U, such that 

U\{p} = {zeC\0<\z\<e} 

with metric 

g = h(dx 2 + dy 2 ), 

where 

h e C°°{{z\ \z\ < e}), 

h(z,z) = N 2 \z\ 2N - 2 + 0(\z\ 2N ). 

Here N is the so-called multiplicity of the point p. 

Introducing polar coordinates around 0, one immediately checks that V \ £ is a 
conformally conic manifold. 

2. Consider the GauB-Bonnet operator D% B : ^o v ( M ) ^ ^ dd (M) on a conformally 
conic manifold. Restricted to U, this operator is unitarily equivalent to 

D^ B = h- 1 (^- + x'\S + S 1 (x)), 

S : W{N) ^Q*(N), S Q = d + d t + C, C\Q k {N) = {-l) k {k-n/2) 
with h E C([0,e) x N),h(0) = 1 IBO, 2.11]. 



3. More generally, operators of the form 

B(x)^-+x-\S + S 1 (x)) (1.6) 

were investigated in [ |B3| , Sec. 3]. Here, B(0) = I and So is a 1 st order self-adjoint ellip- 
tic differential operator. Certain additional assumptions are made on the asymptotic 



behavior of B(x), Si(x) as x — > (cf. Definition |1 . 1 . 1 1| ) . 

The point of view of these examples is, that the geometric singularity is transformed 
into a singularity of a geometric differential operator on a manifold with boundary. This 
manifold is a product near the boundary. If not we invoke another transformation onto 
a manifold which is a product near the boundary; this causes additional terms in the 
differential operator. This is the point of view of this work. 

Next we introduce the standard situation which we are going to consider throughout 
this book: 
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1. Differential Operators of Fuchs Type 



We consider a complete Riemannian manifold, M, with compact boundary. 
We assume that the metric is a product near the boundary, i. e. there exists 
an open neighborhood, U, of the boundary N := dM, which is isometric 
to dM x [0, e). Moreover, we put 

M:=M\N, U := U \ N = (0, e) x N. 

Let 7r : U —>■ N be the canonical projection. If E is a hermitian vector 
bundle over M with 

E\U = tc*(En) isometrically 

for some hermitian vector bundle E^ over N, then we have a canonical 
isometry 

L 2 (E\U)^L 2 ((0,e),L 2 (E N )). 



This will be our standard picture of a manifold with boundary. However, we want to 
model the analysis of differential operators on a manifold with cone-like singularities. 
In the geometric model (1.7) the singularity has disappeared. The singularity will be 
modeled through the class of (differential) operators which we are going to consider. 
Nevertheless, it will be convenient to refer to a manifold M described in (1.7) as a 
manifold with conical singularities. This terminology will include that the class of 
operators under consideration will be the class of Fuchs type differential operators 
introduced in Definition |1.1.2j below. 
Likewise, the infinite half-cylinder 

iV A := (0, oo) x N (1.8) 

will be adressed as the model cone. It serves as a model for the analysis near the 
cone-tip and hence will be studied extensively. 

Unless it is necessary for clarity, we will not distinguish between E and En and 
denote both by E. Likewise, whenever possible, the isomorphisms in (1.7) will be 
used without refering to them explicitly. The space C°°(U,E) will be identified with 
C°°([/ ; C'°°(£ JV )) i n the obvious way. 

If one considers powers of the operators in the examples 2. and 3., one obtains the 
so-called Fuchs type operators. 

Definition 1.1.2 1. Let M be a Riemannian manifold and E,F hermitian vector 
bundles over M. We denote by 

DifP(£,F) 

the set of differential operators of order < /i acting from sections in E to sections in F. 
For P G Diff M (i?, F) the formal adjoint is denoted by P l . 

2. Denote by X the operator of multiplication by x and put D := —X-^. 

Let M be a manifold with boundary as in (1.7). A differential operator of Fuchs 
type of order jj, G Z + and weight v > is an operator P G Diff M (_E, F) such that 

p\u = x-»f2M-x-0-)\ 
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with 

A k e C7°°((0, e), DiS^ k (E N , F N )) n C([0, e), DifP"^, F N )). 

By Di&Q ,l/ (E, F) we denote the set of all differential operators of Fuchs type between 
the bundles E, F. 

If it is necessary to mention the manifold explicitly, we will write Diffg' I/ (M, E, F) 
instead of Di&Q' u (E, F). In the sequel we will be dealing mostly with elliptic operators, 
hence the bundles E, F will be isomorphic. For convenience, we will therefore assume 
E = F in most situations. We point out that all results hold accordingly for two 
different bundles, too. 

Definition 1.1.3 An operator P G Diff M ' v (M, E) is called elliptic, if 
P is elliptic on M in the usual sense and 

x v ^{P){x-\0 

is invertible for (x,p) G [0,e) x N and (r,f) G T*M\ {0}, 
f G T P N. 

cr M (P) denotes the principal symbol of P. 

Here we have identified T*M | [0, e) x N with R x T* N in the obvious way. (1.9) means 
that 

j^a»-\A h {x)){t)a\{-x^) k ){x,x- X T) = £ a»- k (A k (x))(£)(-iT) k 

k=0 OX k=0 

is invertible. For x ^ this is covered by interior ellipticity. For x = this means that 

otf(P){z) :=itA k (0)z k 

k=0 

is a parameter dependent elliptic family of differential operators with parameter z G iR. 
For the theory of (pseudo) differential operators with parameter we refer the reader to 



3§ Sec. 9]). 



Definition 1.1.4 Following Schulze we refer to a^(P) as the Mellin boundary 
symbol or conormal symbol of P f£ich% , 1.2.24]. 

We emphasize that our definition of ellipticity is different from the one in [ [Sch2| , 
Def. 1.2.16]. The additional requirement of the invertibility of the Mellin symbol on 
a certain weight line can be omitted if one is willing to extend the operators to their 
natural domains, instead of reducing them to the weighted Sobolev spaces. See also 
Corollary |1.3.13| ff. and the bibliographic notes at the end of this chapter. 

Definition 1.1.5 For c, d G R U {±oo}, c < d we denote by 

r c , c ' := {z G C | c < Re z < c'} 

the open strip between c and d . By T c c i we denote the corresponding closed strip. 
Moreover we put 

T c := {z G C | Re z = c}. 
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1. Differential Operators of Fuchs Type 



Since the parameter dependent principal symbol of a^(P)(z) is independent of 
Re z, we find 

Lemma 1.1.6 P G Diffg'^M, E) is elliptic if and only if P is elliptic on M in the 
usual sense and the Mellin symbol 

a^(P)(z) = f:A k (0)z k 

k=0 

is parameter dependent elliptic on each line T p , p G R. In this situation the parameter 
dependent ellipticity is uniform in each finite strip T CyC >, — oo < c < d < oo. 

This yields 

Proposition 1.1.7 Let P G DHSq U (E) be elliptic. Then for c,d G R, c < d, there 
exists a constant K , such that 

a^(P)(z) : H S (E N ) — H S ^(E N ) 

is invertible for z G T cc > with | Im z\ > K. This holds for all s G R. Here H s (En) 
denotes the ordinary Sobolev space of order s on En. 

Proof ^§ Theorem 9.2] □ 
Example The operator P in ( |1.6| ) is obviously elliptic, because we have 

alj(P)(z) = S -z. 

Since spec (So) C R, the statement of Proposition |1.1.7| is obvious in this situation. 
More generally, let S G Diff 1 (N, E) be an elliptic differential operator with 

spec (<r\S)(£)) D iK = for £ G T*N \ {0}. (1.10) 

Then the operator 

P= -^- + X- 1 Se Diff 1)1 (A^ A , (1.11) 
ox 

is elliptic, too. 

The next well-known result clarifies the behaviour of the Mellin symbol for small 
| Im z\. 

Proposition 1.1.8 Let M be a connected Riemann surface and let f : M — >• Fred(X, Y) 
be a holomorphic family of Fredholm operators acting between the Banach spaces 
X, Y . Assume that f(zo) is invertible for at least one zq G M . 
Then the set 

D := {z G M|0 G spec (/(*))} 

is discrete in M. Moreover, let £ G D and z be a centered coordinate system at £. Then 
f{z)~ l has the Laurent expansion 

oo 

f(z)- 1 = £ R k z k . 

k=—m 

If k < the operators R k are of finite rank. 
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Proof We divide the proof into several steps. W. 1. o. g. we may assume X = Y; 
otherwise consider the function f(z )~ 1 f. 

Assertion 1: For each £ G M we can choose a neighborhood U, a decomposition 
X = V®W, dim V < oo, and holomorphic functions ip,ip : U — > G£(X), h : U £{V) 
such that on £/ 

^=(oid° w -)- I 1 ' 12 ' 

Proof of Assertion 1: We put A = /(£) and note that A is a Fredholm operator of 
index 0, because M is connected and ind/^o) = 0. We put V := ker A and choose a 
complementary subspace W of V. This is possible because dim V < oo. Analogously let 
V be a complementary subspace to A(W). We have V = cokerA and since indA = 
there exists an isomorphism $ : V — > V. We put 

¥>i:X->X, ¥>i|4(W) := (^IVF)- 1 , </?|V' := 

Then </?j G G£(X) and <piA is the projection along V onto VK. With respect to the 
decomposition X = V © W we obtain 

kia \ 

ft-22 J 




with h 22 (^) = Idw Thus, there is a neighborhood {7 of £ such that ^ spec h 22 {p) for 
p E U. On [/ we put 



and obtain 



Putting 



/ Idy -h l2 h 22 
^ 




Idy 

Assertion 1 is proved. 

Assertion 2: Let D := {p G M | G spec /(V) for 2 in a neighborhood of p}. Then 
-D is open and closed. 

Proof of Assertion 2: By definition D is open. For proving that it is closed we choose a 
sequence (p n ) C D converging to p G M. In view of Assertion 1 there exists a connected 
neighborhood U of p, where we have 

***-(S id°J- 

If n is large enough, we have p n G U. Hence there is a neighborhood V of p n , V C U, 
such that G spec (f(z)) for zGK But then det ft, (2) = for z E V and since det h(z) 
is holomorphic, det h(z) = on [/. In particular we have G spec (f(p))- 

By Assertion 2 we have 7J = or D = M. Certainly Zq E" D, therefore D must be 



Now, if £ G M is arbitrary and U is chosen such that (|1.12| ) holds, then we have 



det h ^ on U, thus U D D is discrete. But then D is discrete. Now the last assertion 
is an easy consequence of Assertion 1 and Cramer's rule. □ 
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1. Differential Operators of Fuchs Type 



From what we have done so far, we obtain immediately 
Proposition and Definition 1.1.9 Let P G Di&Q U (E) be elliptic. The set 

spec affiP) :=LeC 



<Ttf{P){z) : H S (E N ) - H S ^(E N ) 
is not invertible 



has the properties 

(i) For c, d G R the set Y Cfi i PI spec a^(P) is finite. 

(ii) T/ie principal part of the Laurent expansion of (a^ (P)(z))^ 1 about 
a G spec a^(P) is given by 



Rak{z - a) 

k=0 



-(fc+1) 



with smoothing operators R a k G C°°(E Kl E*). m a will be called the multiplicity 
of a. 

Remark In view of the ellipticity of P, it is clear that V C C°°(E) and that h is a 
smoothing operator. Hence, the R a k are smoothing operators. Here we have used the 
denotations of the last proof. 

Example Let P be the operator in ( |1 . 1 1| ) . We have a]^(P)(z) = S — z. We consider 
zq G spec (S) = spec (al^(P)). Since S has a compact resolvent, by the Riesz-Schauder 
theory, we have a direct sum decomposition 

L 2 (N,E) — V@W 

with dim V < oo and with respect to this decomposition we have 

S={"X R I) (1.18) 

with nilpotent R and zq ^ spec (Si). Now, the principal part of the Laurent expansion 
of (S — z)^ 1 around z is given by 

oo 

-J2(PvRPv) k (z-z o r k -\ (1.14) 

k=0 

where Py denotes the projection along W onto V. Thus, m ZQ is the order of nilpotency 
of R and R Zok = -(P v RP v ) k . 

For certain subclasses of ~D\S.q ,v (E) we now want to investigate the following prob- 
lems 

• Characterization of closed extensions 

• Fredholm criteria 

• Criteria for descreteness and the asymptotic behaviour of the eigenvalues of self- 
adjoint operators 
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• Asymptotic expansions of the heat kernel of positive operators and their relation 
to the index problem 

Next we introduce certain subclasses of Di&Q ,u (E). 

Definition 1.1.10 Diff^ ,!y (iV A , E) is the set of Fuchs type operators 

P = X-»iTA k D k (1.15) 

fc=0 

with constant coefficients A k G DifP~ fe (iV, E). 

Definition 1.1.11 Let M be a manifold with conic singularities, E — > M a hermitian 
vector bundle. 

1. By Diff^(E) we denote the set of those P G Dift%' v (E) with 

A k eC°°{[0,e),DiS^ k {E N )). 

2. Diff^(£) is the set of those P G Diff^(£) with 

\\D\Mx) - M0))\\ h »- 1{En) _+ h0{En) = O(x s ),x^0, 
\\D\Mxf - M^Wh^e^h^) = O(x 5 ),x^0 
for some 5 > and < k < I. 

The definition of DifP'^(.E) is motivated by the geometrical operators on conformally 
conic manifolds. In P3|| the operators in Diff ' have been investigated. 



We note some simple properties of the Mellin derivative D = —X-^ on R + . 

Lemma 1.1.12 Denote by X the operator of multiplication by the function x. 
1. 

D l = —D + I, DX a = X a [D - a) 
D t X a = X a (D t + a) 

2. There are numbers a k i,bki G Z, such that 

D k = J2a k iX l (^-) 1 , a kk = {-\)\ 
i=i ® x 

X\^-) k = Y.b kl D\ b kk =(-l) k . 

dx fr[ 

Likewise, one easily checks: 

Lemma 1.1.13 1. If P G DifF'"(£) (Diff^(E)) then F* G DifP'"(£) (Diff ££(£)), 
too, and 

otf{P t )(z) = {a&(P){l-u--Z)) t . 

The adjoint on the right hand side is taken with respect to the scalar product in L 2 (E^). 
2. IfP 1 G DiS^(E), P 2 G Diff^'(£) then P X P 2 G Diff^ V+i/ (£) and 

^^\ Pl P 2){z) = otf{Pi){z + u')a^'(P 2 )(z). 
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1. Differential Operators of Fuchs Type 



For later purposes, we summarize the most important properties of the Mellin 
transform. 

Let H be a Hilbert space. For a function / e C^°(R + ,H), the Mellin transform 
is defined by 

Mf(z) := / x z ~ 1 f(x)dx, zeC. (1.16) 
Jo 

Mf is an entire holomorphic function taking values in 7i. The following relations hold 

M(Df)(z) = zMf(z), 
M(Xy)(z) = Mf(z + 1 ), (1.17) 

M(log •/)(*) = ^M/(z). 

The inversion formula is 

f(x) = -L / x~ z Mf{z)dz (1.18) 

for arbitrary A G R. If L 2 ' 7 (R + , 7Y) denotes the completion of C^°(R + , 7Y) with respect 
to the scalar product 

U\g)= /_ (f(x)\g(x)) H x-^dx, (1.19) 
then M extends to an isometry 



o 



M 7 : L 2 ' 7 (R + , H) — L 2 (r 1/2 _ 7) W, ^). (1.20) 



I. e. we have 



la = ^i \\Mf(z)\\ 2 \dz\. 



1/2-7 

The following characterization of the space L 2,7 ([0, i?], 7i) turns out to be useful some- 
times. 

Lemma 1.1.14 [|RS|, Thm. 1.1.5] A function f : R+ -> ft &e/onas to L 2,7 ([0, i?], 7Y) i/ 
and on/?/ if Mf has a holomorphic extension to the half plane ri_ 7jOC and 



l|M/|| L2(ra) <OT +a ^, a>^- 7 

holds. 



We finish this section with some basic facts about differential operators. Let M be 
a Riemannian manifold, E, F hermitian vector bundles over M and 

D : C™(E) — ► C™(F) 

a differential operator of order d. We consider D as an unbounded operator L 2 (E) — > 
L 2 (F) and put 

A™ := D = closure D, D max := (D*)*, (1.21) 
where D* denotes the formal adjoint. The domain of an operator will be denoted by T>. 
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We use Sobolev spaces in the terminology of [BH Sec. 1.7] with one exception: If M 



is a compact manifold with boundary and E — > M a hermitian vector bundle, we put 

H k (E) := {/ G L 2 {E) | Df G L 2 (£) for all D G Diff fc (£)}. 

By HfftE) be denote the closure of C7 °°(M \ <9M, E) in # fe (£). 

Note that in general any D G Di& d (E) extends by continuity to an operator 

D '■ Hc 0mp /\ 0C (E) > ^comp/loc(^)- 

Here, H^ Q denotes the Sobolev space with compact support, resp. ifj^ denotes the 
space of sections which are locally of Sobolev class s. These spaces carry a natural 
locally convex topology. 

In the sequel the following well-known lemma will be used implicitly many times. 

Lemma 1.1.15 Let D G DiS d (E). 

1. If f G H d Q (E) is of Sobolev class d with compact support then f G T>(D min ). 

2. If D is elliptic, f G V(D max ) and ip G Cq°(M), then we have iff G X>(-D mm ). 

Remark If d = 1, the ellipticity assumption can be omitted in the second statement. 
This is easily checked by means of a Friedrichs mollifier. 

Proof 1. Let U be a neighborhood of supp /. Then we can find a sequence /„ G 
C£°(U, E) which converges to / in H d omp (E). Since D is continuous H d omp (E) — ► L 2 (E) 
f n converges to / in the graph topology of D and we reach the conclusion. 

2. Since D is elliptic and / G T>(D max ), elliptic regularity implies / G Hf oc (E) and 
thus iff G H d omp (E) C T>{D m \ a ) by 1. □ 

Lemma 1.1.16 Let D G Di& d (E) be elliptic and ip G C°°(M) a bounded function such 
that supp dtp is compact. 

1. T/ie operator of multiplication by ip, M^, is continuous 

^(^max/min) * ^(-^ max/min) • 

2. J/ / G I>(-Dmax); supp / compact, then for each neighborhood U D supp / t/iere 
exists a sequence (f n ) C C™(U, E) such that f n —*f with respect to the graph norm of 
D. 

Proof 1. First we show that maps the space T>(D max ) into itself. Then the first 
assertion follows from the closed graph theorem. Let / G P(Z) max ), g G C^°(M, and 
X e C^(M) with x|(supp [DM) = !■ Then > b y elli P tic regularity, X / e H d omp (M, E) 
and, because ord ([£),</?]) < d — 1, we have xf ^([-^ V 9 ]min) by the preceding lemma. 
Consequently 

(ipfl&g) = (J\<pD*g) 

= (fl^D^ + iflD^g) 
= ([£>, p] mi nXf\g) + ((fD mSLX f\g), 
thus iff G D((L>')*) = P(Anax) and 

Dipf = ipD max f + [D, ip] mi nXf- 

2. We note that / G H d omp (M, E), since supp / is compact and D is elliptic. Hence, 
by the preceding lemma we have / G V(D m i n ), i.e. there exist g n G C^°(M,E) with 
# n — > / in the graph norm of D. Now we choose ip G C^°(U) with y?| supp / = 1. In 
view of the proven part 1., /„ := <£>g n does the job. □ 
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An important theme of this book will be the (singular) elliptic estimate (cf. Section 



O). The classical elliptic estimate will be used in the following form. 



Lemma 1.1.17 Let D G DiS d (E) be elliptic. 

1. Let K C M be compact with smooth boundary and U D K an open neighborhood. 
Then there is a constant C > 0, such that for f G T>(D ma , x ) 



d (K,E) < C(\\f\\ L 2( UE) + \\Df\\ L 2 (UjE) ) 



2. Let d > ~, K C M be compact and U D K an open neighborhood. Then we have 
£»(Anax) C C(M, E) and 

\f{x)\<C K {\\f\\L H u,E) + \\Df\\ LW) ) 

for f G T>(D max ) and x G K. 

If (D^)^ x is a C°° family of elliptic operators over the compact parameter manifold 
X, the constants in 1. and 2. can be chosen independently of the parameter £. 

Proof 1. We choose ip G C^°(U) with ip = 1 in a neighborhood of K. Since D 
is elliptic, there are pseudodifferential operators Q, C of order —d resp. — oo, whose 
SCHWARTZ kernels have compact support in U x U, such that 

QD = i[> + C. 

Since if) has compact support, w. 1. o. g. we may assume that U is compact with 
smooth boundary. Then 

\\f\\m{K,E) = \\4>f\\HJ(K,E) < Uf\\ H $(U,E) 

< \\QDf\\ H *(U,E) + \\Cf\\H«(U,E) 

< IMlL2^ o d ll^/IU 2 (£/,£0 + \\C\\ L 2^ H d \\f\\ L 2(U,E)- 

2. We can enlarge K such that it has a smooth boundary. Then we apply 1. and 
the Sobolev embedding theorem to reach the conclusion. 

If depends smoothly on a parameter, the construction of the pseudodifferential 
operators Q^, [ETJ, Sec. 5] shows that they also depend smoothly on £ and the 



assertion follows. □ 

Finally we state the main local theorem about the asymptotic expansion of the heat 
kernel. 

Theorem 1.1.18 Let M be a Riemannian manifold, Ao : C^°(E) — > C^°(E) a non- 
negative elliptic differential operator of order d, and A > a self-adjoint extension. 

Moreover, let G be a compact Lie group acting isometrically on M . Furthermore, 
assume that E has a compatible G-action, i. e. g G G is covered by a bundle isometry 

9* '■ Egx — ► Ex- 
Let A be G-equivariant. Then the following holds 
1. The operator e~ tA has a C 00 -kernel 

e~ A (-, ■) G C°°((0, oo) x M x M, E H E*). 



1.2. Weighted Sobolev Spaces 
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2. If Ki, K 2 C M are compact with K\ D K 2 = t/ien 

ll e ~ <A (-> ■)\\c"{k 1 xK2,eMe*) = °N(t N ), t -> 

/or a// iV G N. 

3. Lei K G M be compact, G-invariant, and denote by N±, ■ ■ ■ , Nk the components 
of the fixed point set M 9 of g, which intersect K, rrij := dim Nj. Then there is an 
asymptotic expansion, uniformly over K, 

k OO n _ m . 

tr((o*e-' A )(e,0) ~*->o E E f"^, (1-22) 

j=l n=0 

where the Qj >n are smooth distributions with support on Nj, i. e. there exist ipj >n G 
C°°(Nj), such that for if; G C °°(M) 

In particular, for G-invariant functions <p,tp G C^°(M) i/ie operator g*({pe~ tA ip) is 
trace class and 

Tr(o>e- iA V0) E E / ^(£M£Kn(£)^— 

j=ln=0 ,;jV i 



Supplement $j jTl = if n = l(mod 2): 

In particular, if M is oriented, dimM = l(mod 2) and g is orientation preserving, then 
the coefficient oft in the expansion ( |1.22| ) vanishes. 

Except the supplement, this theorem belongs to the standard repertoire of the an- 
alysts [|GJ, 1.6-1.8]. For G = 1, the supplement is [0, Lemma 1.7.4 d], for arbitrary 



compatible Dirac operators [BGV| , Theorem 6.11]. It seems that for general differential 
operators the supplement has not been considered so far. However, it follows easily 
from a careful analysis of |G[ Sec. 1.8] and hence we do not want to reproduce it here. 



1.2 Weighted Sobolev Spaces 

In this section we briefly introduce the relevant Sobolev spaces for conical singularities. 



A new result is an estimate near the boundary (Proposition |1.2.8j ) from which we derive 
an embedding theorem with asymptotics (Corollary |1.2.9| ). 

Recall from the previous section the notation iV A := (0, oo) x N. In this section D 

dx ' 



denotes again the Mellin derivative —X 9 



Lemma 1.2.1 Let N be a compact manifold and A^r G Diff 2 (iV, E) be a non-negative 
elliptic differential operator of order 2. Then the operator A k := (D l D + Atv)^ is 
essentially self-adjoint in C^(N A ,E) C L 2 (N A ,E) for k G Z+. 
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Proof We choose an orthonormal basis (4>j) of L 2 (N, E) with A^ipj = ^j<Pj, > 0. 
We have to show that the deficiency indices of A k vanish. Hence we consider / G 
V((A k )*), (A k )*f — ef,e — ±i. We decompose / with respect to (<pj) 

oo 

/ = £/i®&, ./}(•'') (&!/(*)) 

and obtain immediately 

/,GL 2 (R+), (D t D + \ j ) k f j = ef j . (2.1) 

Consequently, it suffices to consider the scalar case N = {pt}. 
We remark that the equation 

(-z 2 + z + \j) k = e 
has 2k distinct roots «i, • • • , a 2 fc- Consequently 

x a t,j = l r --,2k, 

is a fundamental system of the differential equation (|2.1| ). Thus ( |2.1| ) has no nontrivial 
square integrable solution on R + . 

The last statement is clear, because A at > and D l D > |, which can be shown 
easily using the MELLIN transform. □ 

Before defining the Sobolev spaces, we first state a simple lemma about positive 
operators whose proof will be omitted. 

Lemma and Definition 1.2.2 Let H be a Hilbert space and T > a self-adjoint 
operator in 7i. We put 

V°°(T) := p| V(T k ) 
fc>i 

and, for x, y G V°°(T) and s6R, 

(x\y) s :=((I + T) s x\(I + Ty y ). 

Let 7i?p be the completion ofV°°(T) with respect to || • || s . Then for s < s' we have 
a continuous embedding Pf, ■=— > T>j, and the scalar product (-|-) on D°°(T) x T>°°(T) 
extends to an antidual pairing 

1~Lrp s x T~Cj< — > C. 

By complex interpolation theory [[I], Sec. 1.4] we now have for Si,S2 G R and 

ee[Q,i] 

[n s T \n s T 2 ] e = n 6 T S2+{1 ~ e)si . (2.2) 

Consequently we obtain the following simple continuity criterion. 
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Lemma 1.2.3 Let £ C P°°(T) be a simultaneous core for T s ,s G R ; and (fcj)jeN C 
R, kj y oo. Let P, P l : £ — > H be formal adjoints, i. e. for x, y G £ the following holds 

(Px\y) = (xlPty). 

If there exist constants Cj, such that for x G £ 

\\P x \\kj+h \\P tx \\kj+i < Cjll^lUj, 
then for every s G R there exists a C s , such that for x G £ 

ll-P^lls+Zj || -f ^ || s+i — Csll^lls) 

i. e. P, P t have continuous extensions Ji s T — > Ti.^ 1 . 

Proof By [[I], Theorem 1.4.1] the assertion is true for s > ho, by duality also for 
s < —ko- Again interpolation yields the assertion for s G [— k , k ], too. □ 

Definition 1.2.4 We put for s G R 

H S '°{N A ,E) := nf, 

h s ^(n a ,e) ■= xm s '°(N A ,E), 

where the scalar products in 7i s, ' y (N A , E) are defined by 

(f\g) S}1 := (X-y\X-ig) s>0 := (A s / 2 (X-y)\A s / 2 (X^ g)) L > {N ,, E y (2.3) 

The last definition makes sense, because A > |. It is easy to check that another choice 
of Atv yields the same spaces with equivalent norms. 

Lemma 1.2.5 C^(N A ,E) is dense in W^(N A ,E) for s G R + , 7 G R. 

Proof Since X 1 : 7i s ' 7 — > 7i s, ° is an isometry, which maps C^°(N A , E) into itself, it 
suffices to prove the assertion for 7 = 0. For s/2 G Z + this is the statement of Lemma 
P--2.1| . For real s/2 the assertion follows by interpolation. □ 

We find for /, g G H S ^(N A , E) 

(f\g) sr( = (A*/ 2 (X-V)|A*/ 2 (X-^))o,o 

/ ((M(A^X-y))(z)\(M(A s / 2 X^g))(z)) L2{E) dz (2.4) 



7 



= -L / ((1 - z)z + A N ) s /\Mf)(z - 7 )|((1 - z)z + A N ) s l\Mg)(z - j))dz, 
Zm JTi 

such that we could have defined TC s, ' y (N A ,E) also in this way (cf. [|Sch2| , Sec. 1.1.1]). 
Thus our definition is compatible with the definition in loc. cit. 

Let M be a compact manifold with conic singularities and E — > M a hermitian 
vector bundle. We choose a non-negative elliptic differential operator of order 2, Am, 
on E such that 

A M \U = D t D + A. 

Am also is essentially self-adjoint (cf. Section [Of) . Moreover let £> G C°°(M) with 

p > 0, o(x,p) = x for x E U. 
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Definition 1.2.6 We put for s E R 

JC S >°(M,E) := nf M , 
/C S ' 7 (M,£) := g^lC s ' (M,E), 



where the scalar products are defined analogously to ( |2.3| ) by 

(/b). >7 := {(Hf\in9U ■= (Af(g^f)\A% 2 (g-'yg)) LHE) . 

Lemma 1.2.7 Cq°(E) is dense in IC sr '(M,E) for s E R+,7 E R. 

Proof The proof is completely analogous to the proof of Lemma |1.2.5|. □ 



We turn back to the model cone N = R + x N. 

Proposition 1.2.8 Let s > 1. Then there exists a constant C such that for f E 
n s '^(N A ,E) the following holds: f(x) E H S ^(N,E) and 



Proof That f(x) E H S ~2(N, E) is a consequence of the so-called trace theorem 0, 
Theorem 1.3.5]. However, we will not use loc. cit. and give an elementary proof of this 
fact. Obviously, it suffices to prove the assertion for 7 = 0. 

Let (<pj) be an orthonormal basis of L 2 (N,E) with Ajy(f)j = Xj(j)j,Xj > 0. If / E 
C^(N A , E), we have a representation 

00 

/ X f, ? oj . ./• (.<') (o,- /(.»•)) 
i=o 

in L 2 (N A ,E). We have 



A*/ = + A y )*/i) ® h =■ Y,9i 

j=0 j=0 



The inversion formula (|1.18|) of the MELLIN transform yields 



fj{x) = 7T-.f x- z {(l-z)z + X j )^Mg j (z)dz 

2 



hence by Cauchy-Schwarz 



\fj(x)\ < cx + -) *\\ gj \\. 
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Since A^v is elliptic, the H 8 2 norm on .E is equivalent to the graph norm of the 

s_l 

operator 4 . Consequently we find 

00 1 
00 1 

The assumption s > 1 was used in the penultimate inequality. 
Since C£°(iV A , E) is dense in H S ~<{N A , E), we have shown that 

i x : H S >\N\E) - H°-*(N,E), f » f(x) 

is continuous with ||iJ| < ge 7 ~2 and we are done. □ 



Corollary 1.2.9 (Embedding theorem) // s > f toen H S ^(N A ,E) C C(iV A ,P). 
Moreover, there exists a C, such that for f G H S,1 (N A , E) 



\f(x,p)\<Cx^* 



Proof Since H, S,1 (N A , E) C H{ oc (N A , E), the first assertion follows from the classical 

]_ ^ dim j 

2 ^ 2 



Sobolev embedding theorem. Moreover we have s — | > and loc. cit. yields 



|/(x,p)|<C||/(x)||^_, (ArE) , 
and the assertion follows from the preceding proposition. □ 



Proposition 1.2.10 LPs Diff[f'^(iV A , i?) /10s a continuous extension 
H S ~<(N A ,E) -> H S ~^- U (N A ,E) for every s, 7 G R. 

2. Lei P G DifP'^A^, G C °°(R),7 G R. T/jen toe operator Pip extends by 
continuity to a linear operator TC fJ,,1 (N A ,E) — > H°'' y ~ u (N A , E). More precisely, there is 
a C > 0, such that 

l|JV/Ho, 7 -* < cyf\\,, T 

3. // even P G Diff^(iV A , P) 7 i/ien toe operator Pip has a continuous extension 
H S ~<{N A ,E) -> H s -^- v {N A ,E) for arbitrary s G R. 

4. For a > 0, (/? G Cg°(R) toe operator X a p has a continuous extension 
H s ~ f (N A , E) -> H S '~<(N A , E). In particular we have for 71 < 72 

pH s ' l2 (N A ,E) C n s ^(N A ,E). 

7/supp <£> C [0, r] toen 

||X>/||o, 7 <r CT ||v9|U||/||o, 7 . 
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Proof 1. We compute 



/Lt,0 



27rJr 1 



< 



\R s ^(z)a^(P)(z - j)(Mf)(z - i)\\h {E) \dz\ 



c ||i^)(M/)(z- 7 )||£ 2(i?) |dz| 



2. It suffices to consider P = X~ v A{x)D k , A(x) G DifP"^^). Then we find 



\\P<pf\\l. 



\X-'A{x)D k V f\\l fi 

\\x-iA(x)(D k <pf)(x)\\ 2 LHEN) dx 



< 



sup \\A(x)\\ m -k_> H o 

xgsupp ip JO 



™\\(\ + A N )^x^(D k V f)(x)\\l HEN) dx 



1 



C\\(^ + A N )^X-^D k v f)\\ 2 



< C\\A t ^X~~<(D k <pf)\\ 2 
= C\\D k v f\\^ 



3. We use Lemma [L2T3| . By Lemma |lXll we have {D l D + A N ) k P G Diff^ 2 ^ for 
k G N. Hence by 2. the assertion follows for s = /i + 2k. If ip G C^°(R), , ?/> e 1 on 
supp ip, we can write (PfY = Qip with suitable Q G Diff^. Then (P(pY is continuous 
7-^ s ' 7 — > Ji s ~i l ^~ v for these s, too. Now Lemma |1.2.3| yields the assertion. 

4. The proof is analogous to the proof of 3. □ 



1.3 The Parametrix Construction 

In this section we construct parametrices for elliptic differential operators of Fuchs 
type near the boundary. This has important consequences for an elliptic differential 
operator of Fuchs type on a compact manifold with conic singularities: the space of 
closed extensions is finite dimensional and all closed extensions are Fredholm opera- 
tors. Moreover, a global Garding inequality can be deduced for these operators. The 
following definition is due to Schulze ||Sch2| , Sec. 1.1.4]. 

Definition 1.3.1 Let N be a compact manifold and E a hermitian vector bundle over 
N. For u. G R we define M M (iV, E) to be the space of all meromorphic functions a(z) 
on C with values in L^(N, E), the classical pseudo differential operators of order \i fiSh] , 
Sec. 1.3.7], having the following properties: 

(i) For c, c' G R the number of poles of a in the strip T c c i is finite. 
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(ii) For z E C, the principal part of the Laurent expansion of a about z is of the 
form 

J2R zok (z-zo)- {k+1) (3.1) 
with smoothing operators R ZQ k G C°°(E Kl E*) of finite rank. 

(iii) If x ^ C°°(C), x = in a neighborhood of the poles of a in r CjC /, and x( z ) — 1 
for \z\ large enough, then 

( X a)(P + iT) GP£(P;R T ) 

uniformly for (3 G [c, c']. Here, L^(E;H T ) denotes the space of parameter de- 
pendent classical pseudo differential operators with parameter r G R ffiH , Sec. 
119]. 

We put 

spec (a) := {z G C | a is not holomorphic in z}. (3-2) 

For P G Diff w/ (JV A ,.E), we also write spec (<rfc v (P)) instead of spec Kf(P)~ x ). 
This is compatible with Proposition and Definition |1.1.9| . 

Example If P G DifP'"(iV A , P), we certainly have <f (P) G M^(N,E). If P is 
elliptic, then also a^(P)" 1 G M' fl (N,E) by Proposition and Definition |TTO| . 

Definition 1.3.2 Let a G M»(N,E) and spec (a) n Ti_ A = 0. Then we put for f G 
C^(R + ,C°°(N,E)) C^(N A ,E) 

g v ' A (a)/:=M^ A (a(M/)(- + 
2 A 

For elliptic P G DifP'"(jV A , P) we put 

g A (P):=g^(afif(P)- 1 ), 

if spec «f (P)) nTi_ A = 0. 

First of all we consider the formal adjoints of these operators in L 2 (N A , E). 
Lemma 1.3.3 The formal adjoints in L 2 (N A ,E) are given by 

1. Q^ x ( a y = Q^- X (a(- + u- 2A)*). 

2. Q x (P t ) t = Q U - X {P) forPe DifP' i/ (iV A ) P). 
Proof 1. We compute 

(Q^ X f\9) = / x- 2 \M^(a(Mf)(- + u))(x)\x 2X g(x))dx 



/ ((Mf)(z + v)\a(zy(Mg)(z + 2\))dz 



{{Mf){z - 2A + 2i/)|a(z - 2A + i/)*(M^)(« + i/))d* 



1 

2vr^r i+A _ 

= / x 2A - 2ly (x- 2A+2 V(^)|Mr|,_ (a(--2X + u) m (Mg)(- + u))(x))dx 

JO 2 +A U 

= (f\Q u ' v -\a(--2X + uy)g). 
2. Using Lemma |1.1.13j the assertion is an easy consequence of 1. □ 
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Definition 1.3.4 For a G M fi (N,E) we define r a (z ) G Z + as follows: if 

k=0 

is the principal part of the Laurent expansion about Zq, then 

T : ® L (E) -> © L 2 (E), (T/), := E 
i-o i-o k=l 

is an operator of finite rank and we put r a (zo) := rank(T). 

Remark If m ZQ = 0, then r a (zo) = rank(i? 2o o). For the operator in fll.llD (cf. 
(|1.14|) ), a simple calculation shows r^i.i^-i^o) = dimV = algebraic multiplicity of Zq. 

Proposition 1.3.5 Let v > X 1 > A 2 > and a G M ft (N,E) with spec (a) n Ti_ Aj = 
0, j = 1,2. Then Q u,X2 (a) — Q u,Xl (a) is an operator of finite rank. More precisely 

rank(Q^ 2 (a) - Q uM {a)) = E r a {z). 



zeF l x 1 X 



For / G C CO (R+, C°°(iV, we have 



((Q^(a)-Q^(a))f)(x) = E EU/)*~*W* 

zespec(a)nri , i . /=0 

mft fcraear maps : Q°( R +> C°°{N, E)) -> im i?^ C C°°(iV, £). 
Proof For / G C CO (R+, C°°(E)) we find 

(Q"^(a)/ _ g^ (tt)/)(s;) = J_( /" - / )x- z a(z)(Mf)(z + v)dz. 

2~ A 2 2 _A 1 

Since (Mf)(- + u)\T c G <S(r c , C°°(N, E)) decreases rapidly enough at infinity, we may 
apply the residue theorem and obtain 

E Res z=Z0 (x- z a(z)(Mf)(z + v)) 

zoSspec (a)nr i . i . 

2~ A l'3~ A 2 



E E Res, =20 x-^ - z^^R^Mf^z + !/). 

zoSspec (a)nr i i . fc=0 
2 _A 1'2~ A 2 

Since (Mf)(- + z/) is an entire holomorphic function, we find the inner sum to be 

1 , d , 
' k\ dz' 



i:^ok^) k x- z (Mf)(z+u)i 

k=0 



mz ° 1 k fh\ 

E E 7 (-i) 1 W)M(2b + ^x-* log' 

k=0 K - 1=0 \V 



m 2 „ /m z 



E (2 J^y, R zok (Mff- l \z + u)^j x-- log' x 

=■ EO(/)^°Wx. 

1=0 

From this all assertions follow. □ 
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Furthermore, the proof shows that ( z i has a continuous extension L 2 ' Al ([0,Xo] x 
N, E) -> im i^ fc C C°°(iV, £?) for arbitrary x G R+. (cf. Lemma |1.1.14j) . 



Lemma 1.3.6 Let a G M»{N,E),v > A > 0. If spec (a) n Ti_ A = 0, the operator 
Q u ' x (a) has a continuous extension 

H S > X -"(N A , E) -> H S -^\N A , E) 

for all s, 7 G R. 

In particular, forip G C^°(R) ; £/ie operator Q u,x <p has a continuous extension TC S, ° — > 

Proof For / G C °°(R+, C£°(iV, E)) we find 

II^ iA («)/IIUa = ^ / \\R s -"(z)a(z)(Mf)(z + V )\\bw\dz\ 

< ^ j \\R s -»(z)a(z)R- s (z + A)|| ||JF(* + A)(Af/)(z + i/)|& (JB) |<fe| 

< ^ / ri + v - \)f L , {E) \dz\ = c\ 



2 

s,\—W 



The second assertion is a consequence of Proposition |1.2.10| . □ 



Now we turn to the case spec (a) fl Ti_ u ^ 0. In order to do this we need the 



following (cf. PS3 , Lemma 2.1]): 



Lemma 1.3.7 For Re a = ~ — u, k G Z + /et 

/*CC o-* T* 

K:C-(R + )^G°°(R. + ), (Kf)(x):= (-y« y »-Hog k (-)f(y)dy. 

Jx y y 

Suppose if G C^°(R + ) and < e < v, then Kip extends by continuity to an operator 
H S '°(R + ) -> 7i s+1 ' v-£ (R+). Moreover, for 5 > i/jere zs a c(5), such that for < s < 5 

\(Ktpf)(x)\ < x^{\ logx| fc+ 5( J* \f(y)\ 2 dy)^ + c(5)\ logx| fe ||/|| 2 }. 

Proof One checks that for < e < u, 

Kf = Q^~ £ (a)f 

with 



a(z) 



(z — a) 



k+l 



(cf. also (p.|Q)). Now the first assertion is a consequence of Lemma 1.3.6 . The 



inequality is an easy calculation. □ 
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Summing up we have: 

Proposition and Definition 1.3.8 Let a E M^(N, E), v > 0. We choose e > 0, such 
that spec (a) fl Ti_ u ^i_ u+£ = and put 

Q u > v -(a):=Q^~Ha) on C£°(R + , C°°(N, E)). 
Then, for 5 > and ip E C^°(R + ), the operator Q u,u ~(a)(p has a continuous extension 

H S >°{N A , E) -> H S ' V ~ 5 (N A , E). 

If 

m := max 2gspec ( a ) n ri_ i/ m z , 
then we have, for f E L 2 (N A , E), 

\\(Q^-(a)pf)(x)\\ L 2 {E) = o(x^\ \ogx\ m+ ^ (3.3) 

as x — > 0. 

//spec (a) fl ri_ w = holds, then Q u ' u ~(a) = Q u,u (a) and (|3.3|) can 6e replaced by 
0{x v -^). 

For elliptic P E BiS^ u (N A ,E) we put 

Q min (P) .-Qw-^py 1 ). 

Analogously we put for spec (a) fl ri_ E) i = 

Q u ' 0+ (a) :=Q"'§(a) on C£°(R+, C°°(N, E)). 
Furthermore, for the P defined above, put 

Q max (P) : = Q^+ia&iPy 1 ). 
The adjoints in L 2 (N A ,E) are given by 

Q u ' v ~(a)* = Q v > 0+ (a(--v)*) 

Qmax/min fpt^* ^min/max 



Proof We only have to show ( |3.3| ), which is an easy consequence of the preceding 
lemma. □ 



Remark We will see later that (|3.3| ) is the natural generalization of ||B3| , Corollary 
3.2]. 

In the sequel, let P E Difr" ,!y (iV A , E), v > 0, be a fixed elliptic operator. We 
decompose 

k=0 

into 

P = P + Pi (3.4) 



1.3. The Parametrix Construction 



31 



where 

P = a^(P)(D) = X-»jTA k (0)D k 
and Pi G DiS fJ,,u ~ s (N A , E). W. 1. o. g. we may choose 5 in such a way, that 

spec (off (P)nr H ) = 0. 

For convenience we will write Q A ,Q max / min instead of Q X (P), Q max / min (p) etc. 



-A 



Lemma 1.3.9 Let < A < v such that spec (off (P)) PI Ti 

1. For / G C °°(R + , Cg°(iV, E)) we have 

Q X Pof — /) Po,ma,xQ X f = /• 

2. Let p G CE°(R+) wift <p = 1 near 0. For / G L 2 (N A ,E) we have Q x pf G 

^(Po,max) 

Po.maxQV/ = 

Likewise, for f G X>(P , ma x), 

Q maX P0,max(^/) = 

3. Ifif>,(pE C™(R + ), tp,(f = l near 0, then im (?/>Q mil V) C £>(P , m in)- 

Proof 1. is an easy calculation using the Mellin transform. 

2. For g G C CO (R+, C^(N, E)) we find 

(g A (p )^/|p V) = (<pf\cr- x (P$)tfg) 
= (vf\g) 

and the first assertion follows. The second assertion can be shown analogously. 

3. Let / G P(P * max ),<? G L 2 (N\E), and X G C Q -(iV A ) with X | supp [P <, V] = 1. 
Note that [Pq, 0] * s a differential operator of order < fi — 1 with compact support and 



by Lemma 1.1.15 



im ( x Q mir V) c iPVpp x , P) c v{[Pl tptJ n P(0P o , min ) n v(P 0Mn ^). 

We find 

-([p o ',0]/| x g mm ^) + (^i^) 
= (/|[p o ,0]g min ^) + (^|^) 

= (/|P ,ma x ^Q min ^) 

and the assertion follows. □ 
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Lemma 1.3.10 1. For any e > there is an uj G Cq°(R) ; u = 1 near 0, sncn tnat, /or 

/e<7 ~(R+,CS°(iV,i7)), 

HJWlko < e||iWllo,o. 
2. For any e > and ^ G C£°(R), tnere is an uj E C£°(R) ; c<j = 1 near ; sncn £na£ 

HwPiQ^VII 

Proof 1. Let w G C °°(-l,l), w = 1 near 0, and tp G Cg°(R) with ^|[— 1, 1] = 1. 
Putting u; n := u(n-) we obtain 

11-PiWn/Ho.o = H-PiV^n/Iko 

< C \MWw-6, (by Prop. |TXiO|) 

= C\\Q s P ou n f\\^ 5 , (by Lemma OD 



< C \\P u; n f \\o -s, (by Lemma |1.3.6|) 
= C'\\X s P u; n f\\ 

0,0 

< C"7i- 4 ||P w„/||o,o > (by Prop. \LTWj ). 

For n large enough, the assertion follows. 

2. Analogously, for / G L 2 (N A ,E), we have 

KPiQ^V/Iko = ||o;„xlx-|p 1 g ini >/||o j o 

< cn-a HwiPiQ^V/lloi 

< t/n-Siig^v/IU^i 



< c"n"2 



0,0- 



□ 



These are the decisive estimates. 1. shows that for 5 small enough, on (0, 5) x N the 
operator Pi is Po-bounded with arbitrary small Po-bound. We are now able to apply 
the perturbation theory ||We| , Sec. 5.3]. 

First, we state a direct consequence of Proposition |1.3.5| and Lemma |1.3.9 . 



Proposition 1.3.11 Let if G C£°(R) ; (p = 1 near 0. There are continuous linear maps 



,max ) 

such that for f G T>(Po tmscK ) 



k=l 



im R zk cC°°(N,E), 



((pf)(x) - <p(x) Yl ^2 a zi (f)x z log 1 x 

26spec(o-^(fo))nri_„ i ;=o 



3 



G ^2?(P ,» 



VFe nave 



dim (pV(P , ma x)/(pV(P 0t] 



(fb)-H*J> 



(3.5) 



m particular if spec (cr^(P )) fl Pi_^i = 

y?£>(Po,max) = ^P(Po,min)- 

//spec «/(P )) n ri_„ = inen 

V V(P 0Mn )= V H^(N\E). 
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Proof Let ^,^1,^2 £ Cq'CR), (p\ supp <p = 1, supp </? =1. As a consequence 
of Lemma |1.3.9| we have ?piQ mm 4>2Po,m&x<p' f =: /o G ^(Po.min) and Proposition |1.3.5 
implies 



((pf)(x) = (^lQ ma > 2 Po,max(^/))(x) 



2es P ec( ( 7^(Po))nri_ iy 1 1=0 



3 -"'3 



Multiplication by gives the first assertion. The statement about dimensions follows 
again from Proposition |1.3.5 . 

If spec (o^m (Po)) H T \_ v = 0, then Q mm = Q u and we are done by Lemma |1.3.9| and 
Lemma |1.3.6| . □ 



Remark For the operators in the formula (|3.5|) is PS3|, p. 671 ff]. 



Proposition 1.3.12 Let (p G Cq°(R), (p = 1 near 0. Then the following is true: 

1. ^P(P min ) = V?£>(Po,min)- 

2. //spec «f (P)) n Ti^ i = then 

ipV(P min ) = y?£>(P max ). 

3. If spec (a^f (P)) n (ri_ A> i U Ti_ A ) = tfien 

^V(P max )cn^ x (N\E), 
in particular, there is an e > 0, such that 



Proof 



Let w G C °° 



R) be chosen according to Lemma |1.3.10| with e — ^ and u; = 1 
near 0. Moreover, let supp uj be small enough such that P = P + tuPicu is elliptic. By 
the local theory page 18ff, it suffices to prove the proposition for this operator and we 
write again P instead of P. 

is 



1. A simple consequence of the estimate Lemma |1.3. 10 

Pmin Po,min ~t~ (^Pl^)min- 



2. W. 1. o. g. assume uj to be chosen in such a way that P\u) is also P^w-bounded 
with bound |. It suffices to prove the following: 

(i) (^Piw) max/min is P 0imax / min -bounded, 
(^P'u;) max / min is Po max/min -bounded. 

(ii) Po,ma X /min + * (^Pi^)ma x /min is closed on P(P , m ax/min) for < t < 1. The corre- 
sponding statement holds for the adjoint operators as well. 
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Namely, by | |We| , Theorem 5.27] this yields 

Pnax = (P)* = (-Pmin)* = (^min + (kPl W )min)* 
.max max 

with domain X>(Po,max) ■ Thus 

ipV(P max ) = y?X>(P , ma x) = ^(Po,min) = ipT>(P min ). 

It remains to prove (i) and (ii). 

(i) : (co>PiCo>) max / mm is closed and since spec (a^f(Po)) fl Ti_ u i = we have 
£>((^Piu;) max / mm ) D P(Po,max/min)- Hence (i) is a consequence of [|Y|, Theorem II.6.2]. 

(ii) : We prove that P t := Po,max + £(^Pi^)max is closed on £>(Po,max)- The other 
statements are proved similarly. Thus choose (f n ) C £>(Po,max), such that /„ — > f and 
Ptfn = Po,m ax/n + t(uPiUj) m a X fn converges. Let if G Cg°(R), <p = 1 near 0, and uip = ip. 
By Lemma 1.1. 16| we also have ipf n C £>(Po, m ax) and tpf n converges in the graph norm 



of P t . Since spec (c'm(P)) H r^^i = 0, we even have <pf n C £>(Po, m in) and, since 
supp (ipf n ) is small enough, we find 

WuPxUipfnW < -\\P (pf n \\, 
thus ^ 

ll-Po^/nll < ll-Pt^/nll + \\uPlUJ(pf n \\ < \\Pt<Pfn\\ + £ H-PoV/nll, 

i. e. Po^pfn converges. Hence we have proved G £>(Po, m m)- From local elliptic 
regularity it follows that ipf G T>(P 0tmin ) for arbitrary ip G Qj°(R), in particular for 
ip with ^ | supp a; = 1. But for such ip we have P t (l — ip)f n — Po(l — V ; )/n, thus 
(1 — ■0)/ G ^(Po.max) an d we are done. 

3. If / G ^(Pnax) then ipf G T>((X u ~ x P) max ) and the assertion is a consequence of 
2., 1. and Proposition |1.3.11| . □ 



We state an immediate consequence of these considerations. 
Corollary 1.3.13 (Garding inequality) For ip as above and A < v we have 

<pV(P min )c<pH^\N A ,E) 
and for f G T'(Pmm) we have the estimate 

||^/IU > A<C(||^|| 0| o + ||P m ^/!|o,o). (3.6) 
If cr^(P) is invertible on Ti_ v! then 

ipV(P min ) = ipH^(N A ,E) 
and ( |3.6|) also holds for X — v. 

Proof We choose ip G C^°(R + ), ip\ supp ip = 1, and obtain for 
/ G C^(R+,C°°(N,E)) and X<v (resp. < v) 

IIv/ILa = ||Q min ^/IU,A 

< c||P ^||o,o. 



Using Lemma |1.3.10| the assertion follows. □ 
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Corollary 1.3.14 Let e > and <p be the same as in Proposition |1.3.11| 3. We have 
for f E X?(P max ) 

lk/IU £ <c(||/|| + ||p max /||). 

In particular, if ordP > y then the inclusion T>(P max ) C C(N A ,E) holds, and for 
Xq > there is a C Xo , such that for f e "D(P max ),x < x Q ,p G N 

\f(x, P )\<C X0 X £ 'H\\f\\ + \\Pm,J\\). 

Proof The first estimate is equivalent to saying that the map 

V(P m , x )^H^(N A ,E),f^ V f 

is continuous. This follows from the closed graph theorem. The second estimate is a 
consequence of Proposition |1.2.9| and the first estimate. □ 



Lemma 1.3.15 Let P : C^°(E) — ► C£°(F) be a differential operator between sections 
of the hermitian vector bundles E, F over the Riemannian manifold M . Assume that 
P rmn and P max fl^e FREDHOLM operators. Then 

dimD(P max )/P(P min ) = indP max - indP min < oo 

and consequently every closed extension of P is a Fredholm operator. 

Proof Consider the inclusion i : D(P mm ) ©(Pmax). Since P min = P max i, i is 
Fredholm and 

dimP(P max )/P(P min ) = -ind(i) = indP max - indP min < oo. □ 



Proposition 1.3.16 Let M be a compact manifold with conical singularities and P e 
DifP'^P, F), v > 0, an elliptic operator. Then the closed extensions of P are all 
Fredholm operators and the space 

T-^ ( Pmax ) /F) ( Pmin ) 

is finite dimensional. 



Proof By the preceding lemma, the last assertion is clear, if we can show that 
Pnax/min are Fredholm. 

Let U = (0, e) x iV be a neighborhood of the boundary. We choose u, i/j G C^°([0, e)) 
according to Lemma |1.3.10| in such a way that 

llcuPQ^VH < \ 

We may assume that uj \ supp ip = 1. We may think of u, ip as functions on M, extended 
by 0. Next we choose an interior parametrix Q^, such that 



PQ^ = l-ij + K 
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with compact K. With 

Q:=Q 1 p + wQ mi > 

we find 

Pmax/minQ = 1 " ^ + K + [P, u]Q™^ + uPqQ^ + uP^^ 



I + K+[P,Lu]Q min i; + R. 



Since [P, uj) is a differential operator with compact support of order < ft— 1, [P, uj]Q mm il) 
is compact. Since ||P|| < 1, Q(I + R)~ l is a right parametrix for P max / m i n . Analogously 
we find a right parametrix for P m i n / max , whose adjoint then is a left parametrix for 

-Pmax/min- D 

For the remainder of the section let M be a compact manifold with conic singularities 
and let P G DifP'^M, J5), v > 0, be an elliptic differential operator. 

Corollary 1.3.17 We have 

dimV(P max )/V(P min ) = r ^"(P)- 1 ( z )- 

Z&F! 1 

Proof If near the boundary P G Diff^' 1/ ((0, e) x N,E), then the assertion holds 
by Proposition |1.3.11| . On (0, e) x N we decompose P as in fl3.4| ) and choose a; G 
Cq°([0, £)) x JV), a? = 1 near 0, such that P = P — ujP\io remains elliptic. Then 

ind(P min ) = ind(P min ) 

and analogously 

ind(P max ) = -ind(P4 in ) = -indP min = indP max . 
Then by Lemma |1.3.15| we are done. □ 



Proposition 1.3.18 (Global Garding inequality) For A < v there is an inclusion 
^(Pmin) C IC^ X (M, E) and there is a c x > 0, such that for f G V(P min ) 



Ua^ c a(II/IIo,o + 11^/110,0). (3-7) 
// spec (P)) n Fi_ v = then £>(P min ) = K-^' X (M, E) and Q also holds in this 



case. 



Proof The assertion is a consequence of Corollary |1. 3. 13| and the classical Garding 



inequality in the interior |G], Lemma 1.3.1]. □ 

Proposition 1.3.19 There is an e > 0, such that £>(P max ) C JC^' £ (M,E). Further- 
more, for f G P(Pmax), 

L £ <c(||/||o,o+||P/||o,o). 



Proof The inclusion T>(P max ) C 7i^' e {M,E) follows from the corresponding lo- 
cal statement, Lemma |1.3.12| . The asserted estimate is equivalent to saying that 
^(Pmax) K,^' e (M,E) is continuously embedded. This follows from the closed graph 
theorem. □ 
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Corollary 1.3.20 Iford(P) > f then £>(P max ) C C(M,E). If e > is chosen as in 
the preceding proposition then there is a c> 0, such that for f G T>(P max ) 

\f(p)\<cg( P rH\\f\\ + \\Pf\\). 

Proof Near the boundary, the estimate follows from Corollary |1.2.9| and the preced- 
ing proposition. This also implies the global estimate. See also Propostion 1.4.3| in the 



next section. □ 



1.4 The Singular Elliptic Estimate 

In this section we are going to axiomize the results of the last section. In the sequel let 

M be a Riemannian manifold, dimM = m, and [/cMan open subset , , 
with smooth compact boundary iV := dU. 

The philosophy, standing behind this, is to consider U as the " singular part" of M; for 
example U = (0,e)xiV in the case of conic singularities. 

Definition 1.4.1 We put 

C°?(M) := {<p G C°°(M) | supp (<p) n (M \ U) compact}. 

A subset K C M, K D U will be called (relative) U -compact, if the quotient space 
K/U is (relative) compact in M/U. 

This is equivalent to saying that K n (M \ U) is (relative) compact. 
Let E be a hermitian vector bundle and 

a symmetric elliptic differential operator of order \x. We will only deal with those closed 
extensions P : T>(P) — > L 2 (E) of Pq, for which T>(P) is invariant under multiplication by 
functions (p G C^(M) satisfying (p\U = 1. This holds true without further assumptions 
if M \ U is compact, because then we have 1 — cp G C7^°(M). We assume that in this 
sense Pq has a self-adjoint extension, P, and define 

/CX>(P, U) := {s G P(P) | supp scU, dist (supp s, dU) > 0} . (4.2) 

We content ourselves to self-adjoint operators to have the spectral theorem at hand. 
For an arbitrary operator P one may consider 

I P \ 
\ P* J 

Then the following considerations have to be done for P and P*. 

Equipped with the graph norm of P, K.T>(P, U) becomes a pre— Hilbert space. By 
extending sections by 0, we have the natural inclusions 

a:KV(P,U)^V{P), i : ICV(P, U) •—>■ L 2 (E) . (4.3) 
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Definition 1.4.2 We say that 

(i) P has the Rellich property on U, if i is compact. 

(ii) P satishes the singular elliptic estimate on U (or short: it has the property (SE)), 
if there is a function g G Li 2 oc (M) C(M), g > 0, g\U G L 2 (U) and I G R+ such 
that forx EU and s G K,V{P\ U) 

(SE) \s{x)\ < g(x)(\\s\\ LHUtE) + \\P l s\\ L 2 {UtE) ). (4.4) 

A priori the property (SE) is local in nature. This has the advantage that it has to 
be verified only locally. At the moment its disadvantage is that a priori, ( f4.4| ) is only 
true for sections with support in U. Nevertheless we have 

Proposition 1.4.3 Let Z/x > y. Then, for every U -compact subset K D U , there is a 
Ck, such that for s G T>(P l ) and x G K 



\s{x)\ <C K g(x)(\\s\\ + \\P l s\ 



Proof We equip the space 



C e (K, E) := {s G C(K, E) | sup < oo} 



xeK 



g(x) 



with the norm 

\\s\\ e := sup ■ 
xeK g{x) 

With this norm, C g (K,E) becomes a Banach space. Since g G L 2 (K), this Banach 
space is continously embedded into L 2 (K,E). Since lu. > m/2 and by Definition |1.4.2 



we have s\K G C S (K, E) for s G V(P l ). The restriction operator 

S : V(P l ) — > C g (K, E) 
is closable in L 2 (M,E). Hence we conclude the assertion from [Y|, Theorem II. 6. 2]. □ 
Since ([4.4|) remains certainly true if we enlarge /, we assume in the sequel that 



Z/i > m/2. Corollary |1.3.14j shows that on a manifold with conic singularities every 
closed extension of a symmetric elliptic differential operator P G Diff^'^(M) has the 
property (SE). Of course, this is the example we always have in mind. In the subsection 
at the end of this section we show that operators of APS type on a compact manifold 
with boundary also have the property (SE). 

Lemma 1.4.4 The Rellich property is equivalent to the following statement: 

If (s n ) C T>(P) is a bounded sequence and p G (M) ; (p\U = 1, then (<ps n ) 
has a subsequence, which converges in L 2 (E). 

Proof Assume the Rellich property holds. Let (s n ) C T>(P) be a bounded sequence 
and ip as in the statement. Since supp (dip) is compact, [P, <p\ is a differential operator 
with compact support and hence (<ps n ) C T>(P) is bounded, too. The Rellich property 
states that (y?s n ) has a subsequence which converges in L 2 (E). 

Conversely, assume the statement ist true and let (s n ) C JCV(P, U) be bounded. 
For proving that (s n ) has a subsequence converging in L 2 (E), consider ip G Cg? (M), 
(p\U = 1. Then supp (dip) is compact and ips n = s n which implies the assertion. □ 
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Proposition 1.4.5 Let f : R — > R be a measurable function with 

\f(x)\ <c(i+\x\r i , 

where - as already mentioned - I > Then f(P) has a measurable kernel, which will 
be denoted by f(P)(x,y) G B.om(E y , E x ) . Forx,y G U the following estimates are true 

^J M \f{P){x,y)\ 2 dyy < ^)(||/|| specP + ||idV|| S pecp), 

\f\Pf{x,y)\ < ^)^)(||/|| spccP +||id7||specp) 2 . 

Here \\ ■ || spec p denotes the sup-norm over spec P. 

More generally, let K : L 2 (E) — > L 2 (E) be a linear operator with kernel k(x,y) G 
B.om(E y , E x ) and (im K) C T>(P l ). Then we have for x,y G U 

(J M \k(x,y)\ 2 d y y < ^(x)(||K|| + ||P^||), 

\(KK*)(x,y)\ < ^)^)(||K|| + ||P^||) 2 . 

Proof That f(P) has a measurable kernel follows from the local Sobolev embedding 
theorem (cf. | [R2| , Lemma 5.6]). Now we have for s G C^°(E) and x G U 

\(Ks)(x)\ < g(x)(\\Ks\\ + \\P l Ks\\) 
< g{x){\\K\\ + \\P l K\\)\\s\\ 

and we conclude the first estimate from the Riesz representation theorem. The second 
estimate is an immediate consequence of the identity 

(KK*)(x,y)= I k{x,z)k(y,z)*dz 

JM 

and the Cauchy-Schwarz inequality. □ 

Kernel estimates of this type will play an important role throughout this book. 

For / as in the proposition and <f,ip G C^(M), this proposition shows that 
(pf(P),f(P)tfj are Hilbert-Schmidt operators, thus (pf(P) 2 tfj is trace class. If 
ib \ supp <f = 1 then 

T%/(P)V) = / <p(x)tr(f(P) 2 (x,x))dx. (4.5) 

JM 

In this book we will write more suggestively Tr(<£>/(P) 2 ). But note that in general, 
(pf(P) 2 is not a trace class operator. 

For the moment put A :— I + \P\. A has the property (SE), too. 

Proposition 1.4.6 1. Suppose ip G C^j(M), <p\U = 1, and k > max(| 1 ,Z). Then 
tpA~ k is a Hilbert-Schmidt operator. 

2. The property (SE) over U implies the Rellich property over U . 

Proof 1. is a direct consequence consequence of the preceding proposition. 

2. From ipA' k/2 (ipA' k/2 )* = LpA~ k Lp, which is Hilbert-Schmidt, we infer that 
LpA~ k / 2 is 4-summable. By induction, we find that ^A -1 is p-summable for some p. 
Thus i is p-summable, in particular compact. □ 
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Proposition 1.4.7 Assume M \ U to be compact and let P have the property (SE) 
over U . Then P is discrete. Denoting by (Xj)j^ the sequence of eigenvalues, there 
exists a c > 0, such that we have the a priori estimate 



(4.6) 



for j > jo- 



Remark Together with Corollary |1.3.14| this gives another proof of Proposition 



Proof Since M \ U is compact, by Proposition |1.4.3| P has the property (SE) over 
M, too. But then (/ + P 2 )~ l is compact and hence P is discrete. Let (0j)jeN be an 
orthonormal basis of L 2 (E) consisting of eigensections of P, i. e. Ptfij = Xj<pj- Then we 
compute, using the singular elliptic estimate, for Cj G C, a > 0, x G M, 



-1 



< 



+ 



|A 3 |<a 



< (l + a')( E 



|Aj|<a 



(4.7) 



We choose a local orthonormal frame ei, • • • , e r of E and conclude 

r 

<<Pji. x )Aj{x)> = J2 E \ < e n (x),(f) j (x) > \ 2 

\X-j\<a n=l|A.,|<a 

r 

< e„(x), E < e n (x),0j(x) > (frj(x) > 

\\-j\<a 



n=l 



< r maxi< n<r 



J2 < e n (x),(j) j (x) > (f)j(x] 



|Aj|<a 



< g(x)r(l + a l )(J2 E I < e «( x )> M x ) > 

n=l |Aj|<a 

1 

g(x)r(l + a l )( ]T < M x )> M x ) > * 

V |Aj|<a 



where we have used the inequality (|4.7| ) with Cj =< e n (x), (f)j(x) >. Integrating this 
estimate we obtain 



#{Aj | | A,- 1 < a} < r 2 (l + a 1 ) 2 [ g(x) 2 dx < ca 21 

JM 



from which the asserted estimate follows. 



□ 



This proof is an adaption of the proof of the corresponding statement for classical 
elliptic operators on a compact manifold Lemma 1.6.3]. 

Next we deal with heat kernels. Let P be a self-adjoint extension of the symmetric 
elliptic differential operator P Q G DifP(E'). We put A := P 2 and equip 



H k P := V(A^] 
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with the graph norm. For a linear operator K : Hp — > ffp Hi^H^/ will denote its 
operator norm. Furthermore, we consider differential operators A,B£ DiS(E) of order 
a, 6, having the properties 

supp B is compact (4.8) 

supp [A, A] is compact (4.9) 

Ae £{H P ,H k P ~ a ) (4.10) 

supp A n supp 5 = (4.11) 
and put 

R A>B (t) := AT iA 5. 

Our assumptions guarantee, that Ra,b{P) £ £{Hp,Hp) for i > and a l( 3eR More- 
over, the map (0, oo) 3 t t— >■ RA,B(t) G C(Hp, Hp) is strongly continuous. 

Proposition 1.4.8 For arbitrary a,j3 G R and JV > we /iaue 

||#AB(t)lk/3 = 0(^) as *->0. 

Proof As is well-known, this proposition is at least true if supp A is compact, too 
(Theorem |1.1.18| ). We will not use this fact but prove it again. Using the spectral 



theorem, one easily checks that, for t > 0, a G R, and r > 0, 

||e-* A ||a,a+r = 0{r%), t->0. (4.12) 
This and (4.8)-(4.11) implies 

||i2A,B(*)||a,o-a-6+r = 0(r*), t -> 0. (4.13) 

Of course the O-constants depend on A, B, a. Since 

(d t + A)R A:B = R[a,a],b, Ra,b(Q) = 0, 
Duhamel's principle yields 

R A , B {t) = f e- (t ~ s)A R[A,A],B(s)ds. 
In view of ( |4. 13| ) we assume by induction, that we had proved that 

\\RA,B(t)\\a,a-a-b+r = 0(t N ), t — > 

for all A, B, satisfying (4.8)-(4.11), and all a G R, < r < r , < iV < JV . If A is 
multiplication by (p G C°°(M) and using ord [A, (p\ < 2/x — 1 we compute 

ft 

||^,B(*)IL,a-6+r +i - / ||e~ ( *~ S)A || Q , a +2 M -± \\R[A, V ],b( s ) lla+2/i- ± ,a-fe+r + i rfs 

t/ 

= O([\t-s)^- 1 s N0 ds) 
Jo 



0(t 



10 

N - 



4n 



Given A arbitrary, we choose if) G C7^°(M) with ip = 1 in a neighborhood of supp .B, 
and ?/> = in a neighborhood of supp A. By putting ip := 1 — if) we end up with 

l|-^A,B(*)||a,a_o_5+ro+5 — II ^ lUa-a || V 9 * 3 ' A -^ II a-a,a-a-fc+r + i 

= O(t" 0+ £). □ 
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Corollary 1.4.9 Assume that P has the property (SE) over U . Under the assumptions 
of Proposition 1.4.8 we have, for N G Z + and x G U, 

7 \(Ae- tA B)(x,y)\ 2 dyY <C 6 (x)t N 
Jm J 



where the constant C may depend on A, B, N. 



Proof This is a consequence of the preceding proposition and Proposition |1.4.5| . □ 

We present an application of these considerations. For doing this, we consider 
two Riemannian manifolds Mi,M 2 , and symmetric elliptic differential operators Pj t o : 
C^°(Ej) — ► Co > (Ej). Assume there is an isometry 

F :U 1 ^U 2 (4.14) 

between open subsets Uj C Mj with smooth compact boundary, which lifts to a bundle 
isometry 

F m : E^Ux -> E 2 \U 2l (4.15) 

such that 

Pi,o = F- l oP 2fi oF«, (4.16) 

where F* also denotes the induced isometry L 2 (Ei) — > L 2 (E 2 ). We identify U\ with U 2 
and write again U. Moreover put 

E 3 \U=:E, P jfi \U=:P Q . (4.17) 

We choose an open subset, W C U, with smooth compact boundary, such that 
W <ZU and U \ W is relative compact. 

Let Pj be self-adjoint extensions of Pj t o with the property mentioned before (^|). 
Moreover, assume that for ip e C^(U), ip\W = 1, 

cpViPx) = <pV{P 2 ). (4.18) 

I. e. we have 

tCV(P u U) = JCV(P 2 , U) (4.19) 
and we put P := P 1 \KV{P 1 , U). 

Definition 1.4.10 The situation (|4.14|) - (|4.19 ) we have just described will be refered 
to briefly as "Pi and P 2 coincide over U". 

One easily checks that for arbitrary k G Z + 

KV{P^U) = ICViP^U), 

and for ip as above 

V V(P*) = <pV(P 2 k ). 

Now we put Aj := P 2 and consider cut-off functions x, i>, 4> ^ C ,oc (M 2 ) as follows: 
ip = in a neighborhood of VF, <y? = 1 in a neighborhood of Mi \ U. (4.20) 
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ip has the same properties as if and, in addition, ip = 1 in a neighborhood 
of supp ((f). 

X G Cw(U) with % = 1 in a neighborhood of supp (1 — if). 
Now we consider the operator 

E t = xe- tAl Q.-<p)+ii>e- tA2 ip 
acting in L 2 (E 2 ). Obviously, for x, y £ I4 7 , 

E t {x,y) = e- tA '(x,y). 



(4.21) 
(4.22) 



Moreover, Eq = Id and 



+ A 2 )E t 



[P|,x]e-* Al (l-^ + [P|^]e- tA V 



hence Duhamel's principle yields 

Jo 



If P has the property (SE) over W, we apply Proposition |1.4.8| and obtain, for 
x,yeW, 



e~ tA \x,y)-e- t ^{x,y) 



< g(x) (|| J Q (e-^ A *R s )(; y)ds\\ + || jf ( e -<*->A» Af i? s )(-, y)ds 

< Q{x)[f Q (j M \R s {x,y)\ 2 dxfds + J*(J M \(A 2 /2 R s )(x,y)\ 2 dxfds 

< Cg(x)g(y)t N 



for arbitrary N > and a constant C depending on N. The difference ( A^e * Al ) (x, y) 
— (A|e _ * A2 )(a;, y), k>l, can be estimated completely analogous. We have proved: 

Theorem 1.4.11 In the situation described above assume that Pj have the property 
(SE) over W . Then for N > there exists a C > 0, such that for x,y G W 



(Ate- tAl )(x,y) - (A k 2 e- tA *)(x,y) < Cg(x)g(y)t N . 



This theorem gives a fairly general condition which allows to compute the asymptotic 
expansion of the heat kernel of the operator A 2 over U by means of a "model operator" 
A]_. In case of a compact manifold M 2 with conic singularities, Mi will be the model 
cone iV A . 
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1. Differential Operators of Fuchs Type 



1.4.1 The Singular Elliptic Estimate for APS Boundary 

Conditions 

In this section we prove the singular elliptic estimate for operators of APS type. The 



structure of this proof is analogous to the proof of Proposition |1.2.8| ff. The computa- 



tions we have to do are similar to those in | |APS| , Sec. 1.2]. Our only goal is to prove the 
singular elliptic estimate. We do not claim that the estimates we prove in this section 
are optimal. 

Let N be a compact manifold, A e Diff 1 (£') a symmetric elliptic operator. On N A 
we consider 

D-=^- + A: C°°(R + , C°°(E)) — ► C°°(R +1 C°°{E)). (4.23) 

For fi > let 

V{D$) := {/ G C°°(R +1 C™(E)) | l M (A)(/(0)) = 0}. (4.24) 

Here, 1[ M)00 ) denotes the characteristic function of the set [//, oo) and h^ i00 \(A) is 
defined by the Borel functional calculus. In fact, l^^(A) is the orthogonal projection 
onto the subspace spanned by all eigenvectors to eigenvalues in [jjl, oo). 

Our goal is to prove, that := Dq has the property (SE) over (0, R) x N for 
arbitrary R > 0. 

First we investigate the one-dimensional situation. For A G R let 

T x :=^- + \: H 1 ^) — > L 2 (R + ). (4.25) 

Lemma 1.4.12 For f G ff 1 (R + ) we have the following estimates: 

(1) A 2 ||/|| 2 < ||T A /|| 2 + A|/(0)| 2 . 

(2) If\ < or (A > and /(0) = 0) then 

\m\ < -T^ii^/ii. 



Proof (1) It is well-known that H 1 (R, + ) C C*o(R+), the space of continuous func- 
tions vanishing at infinity. Using this, one finds 

l|TA/|| 2 =|iri| 2 + A 2 ||/|| 2 -A|/(0)| 2 

and (1) is proved. 

(2) We find for A < 

f(x) = - / e x ^ x \T x f)(y)dy. 

J X 

If /(o) = we have 

f(x)= [ X e^-*\T x f)(y)dy. 
Jo 

In both cases the assertion follows from the Cauchy-Schwarz inequality. □ 



1.4. The Singular Elliptic Estimate 



45 



Proposition 1.4.13 1. Let k G N, > 1. T/ien i/iere zs a C > 0, such that for 
f G V((D») k ) 

ll/(^)ll^-V 2 ( E )<C(||/|| + ||(^) fe /||)- 
2. For arbitrary s > 1 and / G X>((.D M *.D M )' S / 2 ) one has analogously 

\\f(x)\\H^ HE) <Cm + \\(D^Dn s/2 f\\). 

Proof Let (0 n )neN be an orthonormal basis of L 2 (E) consisting of eigensections of 
A, A<f> n = X n 4>n- For / G T>(Dq) we have 



/ = £/, 



n=l 



in L 2 (R + , L 2 (E)). For A n < or A n > \i the preceding lemma yields 



\fn(x)\ < 



|A n |||/n|| < H^An/nH- 

If < A n < fi then we apply (2) of the preceding lemma with A = — 1 and find 

< ^l|T-i/„||<^(||/'|| + 11/11) 

< -L((l + |A n |)||/ n || + ||T A „/ n ||). 

Since only a finite number of the A n lie in [0, fi), we end up with 

\\f{x)\\ 2 Hk ^ /2{E) <c[ e \f n (x)\ 2 + e a+iur-'iuxA 

\0<A n <A« A„>^,A n <0 / 

<C[ E \\fn\\ 2 +\\TUn\\ 2 + E (l + |An|) 2fe - 2 ||T An / n 

\o<x n <n 
<C"(\\f\\ + \\(D^f\\f. 

The proof of part 2. is similar. 



A„>/i,A n <0 



□ 



In the same way as we concluded Corollary |1.2.9| from Proposition |1.2.8| we derive 
the following corollary from the preceding proposition: 

Corollary 1.4.14 Let k > ^ resp. s > y. Then we have for f G V((D^) k ) 

|/(x,p)|<C7(||/|| + ||(^) fc /||) 
resp. for f G V((D^*D^) S I 2 ) 

\f(x,p)\<C(\\f\\ + \\(D^Dn s/2 f\\). 
In particular, has the property (SE) over (0, R) x N for every R > 0. 



46 



1. Differential Operators of Fuchs Type 



Bibliographic Notes 



Differential operators of Fuchs type with scalar coefficients are classical and they occur 
naturally in a variety of differential equations of mathematical physics. 

It is hard to trace back the origin of the use of Fuchs type differential operators 
in the context of conical singularities. As noted by Schulze |(5chl| , |5ch2|| , the Russian 
mathematician Kondratev already investigated these operators in the 1960's [KJ]. 
Certainly, the seminal work on conical singularities are the papers of Cheeger |CT 



The author has learned the basic facts about Fuchs type operators on pages 12-18 
from Schulze and they are taken from an earlier version of ||Sch2|| . However, we use 
a slightly different notion of ellipticity than loc. cit. Let P be a Fuchs type operator, 



elliptic in the sense of Definition |1.1.3| . Then Corollary |1.3.13| and Lemma |1.3.19| show 
that the natural domain of P m i n is not a weighted Sobolev space if the Mellin symbol 
is not invertible on a certain critical line Tx/2-v As a consequence, the restriction of P 
to the weighted Sobolev space will not be Fredholm. Schulze avoids this problem by 
adding the invertibility of the Mellin symbol on a certain weight line to the definition 
of ellipticity. Proposition |1.3.16| shows that this is not necessary if one extends operators 
to their natural domains. However, the price one pays is that these domains are more 
complicated to describe (cf. (|3.3|)). 

The discussion of maximal and minimal extensions of differential operators on page 



18 and Lemmas 1.1.15-1.1.17 are folklore. However, the material might be unfamiliar to 



those readers who never had to worry about domains of differential operators, because 
this problem plays no role for elliptic operators on compact manifolds. 

Our point of view is a functional analytic one and hence the material is presented 
in the style of "Hilbert complexes" |[BL1| , [BL2|| . We refer to loc. cit. for more details. 

The weighted Sobolev spaces we introduce in Section |1.2j can also be found in 



1.2.8 and the embedding 



[[Schl| , |Sch2|| . The trace theorem with asymptotics Proposition 
theorem with asymptotics Corollary |1.2.9| are probably new. 

The parametrix construction in Section mimicks techniques for first and second 
order operators due to Bruning and Seeley ||BS2| , [BS3| , [B3"| , [BjJ] . In contrast to loc. 
cit. we use the Mellin calculus. So, it is natural that many of the results of Section 
L~3| have predecessors for operators of order 1 or 2. (|3.3|) is the natural generalization 
of ||B3| , Corollary 3.2]. Formula ( |3.5| ) is a generalization of ||BS3| , p. 671 ff] where it is 



stated for the operators of type ( |1 . 1 1|) . Also Proposition 1.3.16 and Corollary |1 . 3 . 1 7 
generalize results of loc. cit. 

The notion of "singular elliptic estimate" in Section O] is new. In the meantime 



the content of this section has been published in a slightly different form in [ |L3| . 



Chapter II 
Asymptotic Expansions 



Summary 

The decisive property of Fuchs type operators is their scalability on the real axis 
resp. on the model cone. On the model cone there is a natural unitary action of the 
multiplicative group R + , namely 

R+ 9Am U x , (U x f)(x) := VXf(Xx). 

Given 

L = X^f Mx )(-X^] k 

n=0 UX 



one finds 

U X LU* X = \~ U L X , L x := X~ v J2 A k (Xx)(- X^ 



n=0 0X 



For the heat kernel of L, this implies (Lemma |2.2.3|) 



e~ tL (x,x) = -e- tx ~" L *(l,l). (1) 
x 

To expand Tr(e~* L ) for t — > we basically have to consider 

1 _ r°° 

(p(x)-Ti(e- tx " Lx (l,l))dx =: z / tp(x)a(x, xz)dx (2) 
ox Jo 

where ip is a cut-off function near 0, z := r 1 ^, and 

a(x,C) = ^Tr(e-^(l,l)). 

Now, to the right hand side of (P we can apply the interior asymptotic expansion of the 
heat kernel. However, what we get is an asymptotic expansion of a(x, () as ( — ► oo. The 
problem is the argument xz in (Q) since we are interested in the asymptotic expansion 
as z — > oo and x varies from to oo. 

The appropriate tool for deriving asymptotic expansions of integrals like (|2]) is the 
so-called "singular asymptotics lemma" (SAL) of Bruning and Seeley PS1|| . 



Asymptotic expansions of integrals like (0) have been applied to different types of 
problems by several authors ||CU| , |Ca2|| . A fairly general version of these results is SAL. 
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2. Asymptotic Expansions 



In Section |2.1| we will give a comprehensive exposition of the SAL. We will gen- 
eralize this lemma to cover finite asymptotic expansions with remainder term. Since 
it is indispensable to deal with regularized integrals, we decided to add a discussion 
of regularized integrals based on the Mellin transform. This leads to a systematic 
treatment of certain versions of the results mentioned above in a slightly more general 
form. 

In Section 2J1 we exploit the above mentioned scaling property. We introduce in- 
variants of the Mellin symbol via (- and 77-functions. These invariants will show up 
as coefficients in the expansion of the heat trace and in the index formula. 

It seems to be impossible to evaluate these invariants in general. However, for 



certain second order operators this is possible and it will be worked out in Section 2.3 



The main results of this chapter are the asymptotic expansion of the heat trace of 
an elliptic Fuchs type operator and an index theorem. These results are stated in 
Section |J. 

Finally, we would like to point out that we consider the whole situation to be 
equivariant. Although this does not have any excitingly new features we hope that it 
will have applications in the future, for example in a Lefschetz-type theorem for conical 
singularities. 



2.1 The Singular Asymptotics Lemma 

First we introduce a space of functions whose Mellin transform is meromorphic in a 
strip. 

Definition 2.1.1 Let p,q G R, p, q > 0. We denote by £ Pj(? (R + ) the class of all 
functions f G £ 1 1 oc (R + ), such that 



N m ,° 



/(*) = EE^^'iog^ + ^/iW. (i-i) 

3=1 fc=0 



M 



= EE^^^^+^AW, (1.2) 

j=l k=0 

with fi G £jj C ([0, 00)), j-i G £ 1 ([l,oo)). Here, ctj,j3j G C, (Re ay) increasing, (Re (3j) 
decreasing, and Re otj < p — 1, Re (3j > — q — 1. 



Moreover, we put 



spec (/) := K-|j = 0,---,iV}, (1.3) 
spe Coo (/) := {P j \j = 0,---,M}. (1.4) 



Furthermore, we put 



£oo,ij(R+) ; — P| £p,g(R+), 

p>0 

£p,oo(R+) := Pi £p,g(R+)) 

q>0 

£as(R+) := £oo,oo(R+) := P £p,oo(R+) = P -£oo,g(R4 

p>0 g>0 



2.1. The Singular Asymptotics Lemma 
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In the sequel we will omit the subscript j in (Xj,{3j wherever possible. Instead we 
will write for (11.11) 



/ x z+a - 1 \og k xdx = Y { \ c z+a log 1 c (z + a) j - k -\ (1.6) 
Jo ~^ ?' 



/(*)= E J2 a akX a l0g k X + X^f 1 (x). (1.5) 
Re a<p-l fc=0 

Here a a fc is different from at most for a G spec (/). Likewise for ( |1 . 2|) . 

We would like to extend the Mellin transform to £ Pjg (R+). For that purpose we 
note that for / G C Pjq (H+) and Re (z) > — min{Re a \ a G spec (/)}, the function 

x i— > x z ~ 1 f(x) 

is locally integrable on [0, oo). Moreover, in view of ( |1.5| ) we have for any c > 
M(fl m )(z)= E X>«* f x z+a ~ 1 \og k xdx+ f x z+ ^ l h{x)dx. 

Re a<p- lfe=0 

Integration by parts yields 

3=0 

Thus the function c 

M(/l [0jC] )(z) = jf x z - 1 f(x)dx 

has a meromorphic continuation to the half plane ri_ P)00 with poles of order m° a + 1 in 
—a, a G spec (/)- We denote this function by M(/l[ 0)C ])(z), too. We proceed similarly 
with /1[ C)00 ] an d obtain 

Proposition and Definition 2.1.2 For f G C Pjq (R+),p, q > and z G Ti- Py i +q the 
MELLIN transform is defined to be 

Mf(z) := M(/l [0lC] )(*) + M(fl [c>oo] ){z), 

where c > is arbitrary. Mf is independent of the c chosen and it is a meromorphic 
function in ri_ Pi i +g . Mf has at most poles of order < m° + 1 {rrfp + 1) in —a, a G 
spec (/) (— /3,/3 G spec OQ (/)). //a G spec (/) \spec oc (/), i/ie po/e —a is present and 
has order m° a + 1. For (3 G spec oc (/) \ spec (/) t/ie analogous statement holds. 

The following example shows that in fact poles may cancel out: Obviously the 
function 

f ak (x) :=x a hg k x (1.7) 
belongs to £ as (R + ). One easily checks that (cf. (|L~6|)) 

M(f ak l m )(z) = { { z+ f a)k+1 (1-8) 

and 

M{f ak i [1M ){ Z ) = \ zJ ; a)k ; v (i.9) 

thus one has 

M(f ak )(z) = 0. (1.10) 
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2. Asymptotic Expansions 



Definition 2.1.3 1. For a meromorphic function f we denote by Res^ f(a) the coeffi- 
cient of (z — a)~ k in the Laurent-expansion of f about a, i.e. 

oo 

f{z) = Y Res^ k f(a)(z-a) k . 

k=—m 

The ordinary residue is sometimes denoted by Res instead of Resi . 
2. For f G £ Pj(? (R + ) we put 



POO 

Jo 



-L f{x)dx :=Res (M/)(l). 



Clearly, is a linear functional on £ P;(? (R + ), which coincides with the ordinary integral 
on£ P)9 (R + )n£ 1 (R+). 

( |1.8| )-( |TTTU| ) imply immediately 



Jo 



, f 0, a = — 1, 

x a log xdx = < (-i)^^! , (1.11a) 

/•oo | Q! — — 1 

f x a \og k xdx = < (li)fc+i fc i , ' (1.11b) 

I (a+l) fc +! ' tt ^ 

in particular we have the somewhat strange but important formula 

POO 

4 x a \og k xdx = 0. (1.12) 
Jo 

There exist some significant differences between j- and the ordinary integral. For 
example, the change of variables is more complicated, as the following lemma shows. 

Lemma 2.1.4 For f G £ P)(? (R + ) and A > we have the "change of variables rule" 

I 



r°° 1 
f f(Xx)dx = - 
Jo A 



^ log fc+1 A ^ log fe+1 A 



j f(x)dx + Y b_ hk -—— - J2 a-i, k - , 

fc=0 ft + 1 fc=0 ft + 1 



Here, a-i^, O-i^ are t/ie coefficients of x 1 \og k x in the notation of ( p~~5|) . 
Proof We choose cut-off functions (p, ip G C°°(R + ) satisfying 

, 1, x < 1 f 1, x > 2 

<p(x) = l - , " • (1-13) 



0, x > 2 0, x < 1 



Then 



f(x)-(p(x) Y Y. a ^x a \og k x-i){x) Y YhkX P log k x (1.14) 

Rea<p-lfc=0 Re (3>-q-lk=0 

is integrable on R + . Thus it suffices to consider functions of the form 

(p(x)x a \og k x resp. ip(x)x a \og k x. 



2.1. The Singular Asymptotics Lemma 
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With f(x) = (p(x)x a \og k x we have on the one hand, for Re z > — Re a, 



M(f(X.))(z) = / x z - 1 cp(Xx)(Xx) a \og k (Xx)dx 
Jo 

roo 



roo 

\~ z / x z ~ 1 <p(x)x a \og k xdx 
Jo 



10 

rl roo 

X"- ( j x z+a ~ l \og k xdx + J x z " 1 ^{x)x a \og k xdx 



X' 



'-l) k k\ 



roo \ 

- + J x z ~ 1 (p(x)x a \og k xdx 1 . 



v + 

Since the second summand is an entire holomorphic function of z, this yields 



roo 

4 f(Xx)dx 
Jo 



\- 1 {^MT + ir¥>(x)x a log k xdx), 



I. 



A" 1 (-Htt^ + /r Vi*)*- 1 log" xdx 
On the other hand we have, for Re z > — Re a, 

roo 

\- l Mf(z) = X- 1 / <p(x)x z+a - 1 \og k xdx 
Jo 

/CO 
(p(x)x z+a ~ 1 \og k xdx 



z+a—l i„„fe 



A 1 [ J :>- 



thus 



/■ CO 

A" 1 4 f(x)dx = I 
Jo 



A" 1 (p(x)x' 1 \og k xdx, 



a = — 1, 



and the assertion is proved for f(x) = (p(x)x a \og k x. Next consider f{x) = tjj(x)x a \og k x. 
In view of (|1.12 ) this case can be reduced to the previous one: 



roo roc 

4 ^(Xx)(Xx) a \og k (Xx)dx = - 4 (l-^)(Aa;)(Aa;) a log fc (Aa;)rfa; 
Jo Jo 



-A" 1 -/ {l-i)){x)x a \og k xdx 
Jo 

roo 



I roo 

A~M^ (l-ip)(x)x~ 1 \og k xdx 



\og k+1 X' 



roo 

A -1 4 i)(x)x a \og k xdx, 
Jo 



(roo 
-j ip(x)x~ 1 \og k xdx + 



\og k+1 A 
(k+1) 



a = — 1 



a ^ -1, 
-1, 



a 



□ 
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2. Asymptotic Expansions 



On the other hand, the change of variables by a power of X IS cLS usual: 
Lemma 2.1.5 Let f G £ M (R + ),cr G R \ {0}. Tnen we have 

/ f( x °)dx = —A f(y)y^dy. 
Jo \cr\ Jo 

This reads as follows: If one side of the equation is well-defined, then the other is also 
well-defined and the formula holds. 



Proof The proof is entirely analogous to the proof of Lemma 2.1.4 



□ 



For completeness, we are going to introduce another characterization of -f. 
Definition 2.1.6 Let p, q > and f G £ Pi(? (R + ). We define the regularized limit by 



and 



LlMf(x) := a o = coefficient of x° log a; in the expansion ( |1.1|) 

x— >0 



LIM/(x) := &oo = coefficient of x° log°x in the expansion (|1.2j ). 



Proposition 2.1.7 Let p, q > and f G £ Pi(? (R + ). Then for any e > the function 



l-'(.r) := £ /(y)dj/ 



lies in £ p+ i_ £)g+ i_ e (R + ) and we have for any c > 

-f° f(x)dx = Fic) -LIM Fix), 
Jo 

£ f(x)dx = LJMF(x) -F(c), 

in particular 



4- f(x)dx = LIM Fix) - LIM Fix) 



;i.i5) 



;i.i6) 



Proof That F G £ p+ i_ £>g+ i_ £ (R + ) is fairly obvious. It suffices to check ( |1.15|) for 
the fak (cf. Q) and c = 1. We have (cf. (0)) 



^(a?) = y fak(y)dy 

E ( " 1)i |" JA;! x a+1 Wx (a + l)^' 1 + , 

j=0 

1 



1.17) 



(a + l) fc+1 



log fe+1 x 



k + 1 



a = —1. 



comparing this with the formulas ( |1 . 1 la| ,b) yields 

/ f ak (x)dx = F ak {l) - LlMF ak (x). 
Jo 

Similarly one proves = f ak {x)dx = LIM^^ F ak (x) - F ak (l). 



□ 



2.1. The Singular Asymptotics Lemma 
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Now we come to a first version of a singular asymptotics: 

Proposition 2.1.8 Let F G £ Ptq (R + ),p, q > and <p in the Schwartz space <S(R). 
Then as t — > the following asymptotic expansion holds 

roo LO^UO) f°° 

+ <p(tx)F(x)dx ~t~o T , i x ] F(x)dxV (1.18) 



p roo 

/36spe Coc (F) ft " U 
Re 0>-q-l 

^ (-1)^V-M)(0) log fc+1 (t) 

/3espe Coo (F)nZ 
-g-l<Re (3<-l 

+ 0(t 9 ). 

Proof First we assume that id q F G L 1 [l, oo) and that for N G Z + , q — I < N < q, 
we have iV + Re q > —2, where Re a = min{Re a | a G spec (F)}. We write 

with ^ G C°°(R + ), — (^(x" 1 ),^ — > oo. Our choice of iV implies that the function 
^(i^id^^F, t > 0, is integrable on R + and we obtain 

/•oo N m(i)(c\) r°° r°° 

4- <p(tx)F(x)dx = y i x 3 F(x)dx V + t N+1 / tP(tx)x N+1 F(x)dx. 

Jo ~" j' Jo Jo 

Furthermore, we have for t < 1 

roo 

t N+1 \iP(tx)x N+1 F(x)\dx = 0{t N+1 ) + 0{ x N+l - q {x q F{x))dxt N+1 ) 



+0( / x N - q {x q F(x))dx t N ) 
Ji/t 

0{t q ), t -> 0. 



Here we have used Lemma |2.1.9| below. 
For arbitrary F we write 

F(x)=:if>(x)- y ya ak x a \og k x+ y yb pk x' 3 log k x + F 1 {x) 

aespcc (F) fc_0 /3espe Coc (F) fc_0 

Re a<-q-l Re /3>-q-l 
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2. Asymptotic Expansions 



with a cut-off function ip e Cg°(R + ), if} = 1 near 0. The function -F 2 (:c) := if)(x)x a \og k x 
lies in £ as (R + ) and the above considerations yield 



r°° M in^(ft) r°° 

+ ip{tx)F 2 {x)dx = Y^—P-4 x j F 2 (x)dxt j + 0(t M+1 ), t -> 0, 
Jo j\ Jo 

for M > —2 — Re a. F\ also satisfies the above assumptions, and it suffices to prove 
the proposition for 

F(x) = x? \og k x, (3eC,keZ + . 
But in this case the assertion reduces to the change of variables rule 

/*oo /*oo 

f ip(tx)x 13 log fe xdx = t~P~ x 4- ^{x)x f3 \og k (x/t)dx 1 
Jo Jo 

for {-1, -2, ■ ■ ■}. Ifpe {-1, -2, ■ • •}, then 

£ V (tx)x? log* xcfa; = r^ f 11 ^ 1 '' '^' 1 + ^(x)x' 3 log fc (^)dx). □ 

Lemma 2.1.9 Lei / E L^l, oo). T/ien /or < a < 1 

y a f(y)dy = 0(x a ), x-^oo 



and /or < a < 1 

y- a f(y)dy = 0(x~ a ), x^oo. 



Proof Put F(x) := J* f(y)dy = 0(1), x — > oo. Integration by parts gives 
J*y a f(y)dy = x a F(x) - a j* y a ~ l F(y)dy 

= 0{x a ) + 0{J* y a - l dy) = 0(x a ). 

Similarly 

/ y- a f(y)dy = x- a F(x) + 0( y'^dy) = 0(x' a ). U 

J X J X 

The preceding proof justifies to some extent the introduction of the regularized 
integral. The obvious advantage of this notion is that we do not have to worry about 
the existence of certain integrals in the sense of Lebesgue. This gives us some more 
freedom. Other proofs of Proposition 2.1.8| are more complicated. In the literature one 



often finds variants of the integral (|1.18|) . By change of variables, they can be reduced 



to the situation above. Applying Lemma |2.1.4j we find 

/*oo /*oo 

+ (p(x)F(x/t)dx — t 4 ip(tx)F(x)dx 
Jo Jo 



< (-i)*+y-«- D(o) iog^(t) 

^ ho (-«-!)! ^ k+1 

aespec (F)nZ 



Re o<0 



thus 



2.1. The Singular Asymptotics Lemma 
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Corollary 2.1.10 Under the assumptions of Proposition |2.1.8| we have, as t — > 0, the 
asymptotic expansion 

t f£ q j\ Jo 



P poo 

+ E EVf V (x)xPlog k (x/t)dxt-P 



/3espe Coo (F) 
Re /3>-<?-l 



+ 



oo 

^ (_i)fc+y-/?-i)( ) io g A+1 (t) 



fc + 1 



/Sespec^^nz 

-3-l<Re /3<-l 



+ 



^ < ( _l )V (-q-l) (0) ^ logfe+1(0 ^ 



aespec (F)nZ 
-?-l<Re a<-l 

-0(t" +1 ). 



fc=0 



;-«-!)! 



fc + 1 



A simple consequence of what we have done so far is the following version of the 
"singular asymptotics lemma" (SAL) of Bruning and Seeley [ |BS1|| . While Propo- 
sition |2.1.8| is more adequate for the heat kernel of Fuchs type operators, SAL also 
applies to the resolvent expansion. 

Theorem 2.1.11 (SAL) Let C be the sector {£ G C | |arg£| < n — e} and a : R x 

C — > C having the following properties: 

(i) In the first argument, a is (p — 1) -times continuously differentiable and 
d^~^a(-, Q is absolute continuous on [0, oo). 

(ii) All derivatives up to order p of a are analytic in the second variable. 

(iii) There exist functions a a k G <S(R), such that 



x J d; 



Re a>-p-l k=0 



1.19) 



<C^|Cr p - 1 |log r CI, ICI >i,o<x< |C|, k< p , Jez + . 



(iv) There exist functions f p : (0,1] — > R ; such that the derivatives a^'(x,Q :- 
d J x a(x, () satisfy the integrability condition 



[ [ s p \a ip) (6st,s0\dsdt < f p (6), p>0, 
Jo Jo 

[ \a(6s,s0\ds < f (6), p = 0, 
Jo 



1.20) 



for < 9 < 1, uniformly for |£| = 1. 
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Then, as z — > oo in C , one has the asymptotic expansion 

\ a(x,xz)dx ~™ W i^cCR^'- 1 
Jo ^Jo j! 



+ E X!/ ^afc(x)x a log fc (xz)rfx2: C 
Re a>-p-l k=0 



*> — p- 

(-a-1 )/ n \ ^ 10 § 2 

+ J> L (0) (t + l)(-a-l)l 

+o( Z -"- 1 io g ' +i + o^-"- 1 /, (^r 1 )). 



Remarks 1) If ( 1.19Q , ( 1.20| ) hold only for £ > 0, then this theorem remains valid 



for z > 0. In this case "analyticity in the second variable" can be replaced by "mea- 
surability" . 

2) Of course, as long as we do not have any control on the functions f p , the statement 
of the theorem is empty. Bruning and Seeley PS1|| require that the left hand side of 



( |1.20| ) is bounded, i.e. that a constant can be taken as f p . However, in this chapter we 
will find a situation in which boundedness of f p cannot be achieved. We state another 
simple criterion for logarithmic growth of /o- 

Supplement to Theorem |2.1.11| The two estimates 

\o-(x } ()\<<p(x)\(\-\ 0<|C|<1, 0<x<l, 

and 

\a{6s, sf)| < c0- T s £ '\ < 9 < 1, < s < 1 
with ip e C[0, l],e, T > 0, uniformly in |£| = 1, imply 

f 1 \a(6s,s£)\ds = (log 9), 9^0. 
Jo 

Proof Putting G = T/e we find 

f 1 \a(6s,s0\ds = f \a(9s,sO\ds+ f 1 \a(9s,sO\ds 
Jo Jo Je G 

= O(l) + O(logfl) = O(log0). n 



Proof of SAL: The existence of the integral follows from ( )l.20 ). We only 



prove the expansion for z > 0. For the general case cf. the remark at the end of ||BS1| , 
Sec. 2]. We choose a cut-off function ip G C°°(R) with 

and write 

=: E E ^MOC log* C + ax(x, c). 

Re a>-p-l k=0 




2.1. The Singular Asymptotics Lemma 
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Then the summands on the right hand side satisfy the integrability condition and 



\x 



J flf *i(*,oi ^ c ^icr p_1 i iog r ci, ici > 1,0 < x < \c\,k < P . 



The Taylor expansion of 0\ yields for p > 1 



"fa = E ^pc j + ^rry f (l- tY'^itx, Qdt 



j! ' (p-l)!Vo 
and we find, using (|1.19| ), (|1.20| ), 



oo rl 

o Jo 



(l-ty- l x v \a { ?\tx,xz)\dtdx 



O ( f 1/Z f 1 x p \a[ p \tx,xz)\dtdx 



o Jo 

oo 



°[^J f J x p \a {p \tx,xz)\dtdx 



= o(z~ p - 1 J s p \a { f\st/z,s)\dsd?j 

+0 (V^ 1 J™ x~ x \ log r (xz)| £(1 + tx^dtdxj 

= O (z-P' 1 fpiz' 1 )) + O (V^ 1 J™ x- 2 \og r (xz) log(l + x)dxj 

= 0{z- p - x log r+1 z) + 0(z- p - l f p (z- 1 )). 

For p = the same estimate is shown similarly. It remains to consider functions of the 
type 

a(x,C) = a afc (xMC)Clog fc C =: <r*k(x)F(0. 
Putting t = 1/z, we find, together with Corollary |2.1.10| , 

oo /-oo 

a(x,xz)dx = / a a k(x)F(x/t)dx 

JO 

~~oo E^T 2 / x J F(x)dx z~ i ~ l 

f°° k 
+ T cr afc( a; ) a;a log [Xz)dx Z a 
JO 

+ ^/-'(-a-l)! * + l Z 
+0(^~ 1 log r+1 z) + O^-VpC^ 1 ))- □ 
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2.2 The Scaling Property on the Model Cone 

In this section we deal exclusively with Fuchs type operators on the model cone M = 
N A . Here, the scaling operator on the positive half line will play an important role. 

Definition 2.2.1 We put 

U t : L\N\ E) — > L\N\ **/(*•)■ (2.1) 

Obviously, U t is an isometry and we have U s U t = U st . 

For Pq G Diff At,l/ (A^ A , E) one immediately checks the formula 

U t P U t * = r v P Qit , (2.2) 

where 

P 0>t :=X~»Y.A k {tx)D\ 
in particular, for Pq G DiS^ ,u (N A , E) , one has 

u t p w = r v p . 



Definition 2.2.2 A closed extension, P, of P E Diff^(N A ,E) is called scalable, if 

u;pu t = t v P. 

Remark In any case, the operators Po,max and -Po,mm are scalable. If P > 0, then its 
Friedrichs extension is scalable, too. 

Using ( p.2|) an easy calculation shows the following: 

Lemma 2.2.3 Let Pq 6 DifP'^(iV A , E) be symmetric and P a self-adjoint extension, 
Pt := t u UtPUt . Moreover, let f : R — > R be a function, such that the operator f(P) 
has a measurable kernel. Then, for A > ; 

f(P)(x,p,y,q) = jf(X- v P x )(j,p,^,q), A > 0. (2.3) 

In particular, for a non-negative elliptic L G DifP'^(iV A , E) and a positive self-adjoint 
extension L we have 

e- tL (x,p,x,q) = -e- te "^(l,p,l,g). (2.4) 

x 



Together with the methods of Section ^J] this scaling formula ist the main tool for 



calculating the asymptotic expansion of the heat trace of L. In the sequel let L , L be as 
in the preceding lemma. In addition we assume that a compact group, G, of isometries 
acts on iV A . Since iV A is equipped with the product metric, this G-action is induced 
by a G-action on N, i. e. 

g(x,p) = (x,gp) 



2.2. The Scaling Property on the Model Cone 
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for (x,p) G N A ,g G G. Denote by N 1: ■ ■ ■ , N k the components of the fixed point set of 
g in N. Then, the fixed point set of g in M is given by 

k 

M 9 = (J R+ x Nj. 
j'=i 

We put rrij := dimiVj + 1 and assume furthermore that L is G-invariant. By Theorem 



1.1. 18| we have an asymptotic expansion 

tr((g*e- tL mO) ~t^o E E <M0*^, (2-5) 

j =l n=0 

where the $j )Tl are smooth distributions with support in R + x Nj, i. e. there exist 
functions (p j>n = <£,>(•, L) G C°°(R + x Nj), such that for if? G Cq°(M) 



JR + xAfj 



The asymptotic expansion is uniform on compact subsets of M. 
Q2.4Q and ( |2.5| ) immediately yield 



<Pj, n (x,p, L) = x^ mj n) 1 if jtn (l,p,L x ). (2.6) 

Since (L 0tX ) < x<oo is a smooth family of elliptic operators and since ipj !n (l,p,L x ) is 
a smooth function in the complete symbol and all its derivatives, the map [0, oo) 9xh 
(Pj t n(l,p, L x ) is smooth. In particular, we find that in general ipj yn is integrable on [0, 5} 
only if n < rrij. This is one of the reasons that the asymptotic expansion of the heat 
trace cannot be obtained simply by integrating the local asymptotics. 

For L G DiS^' u (N A , E) and a scalable positive extension, L, we put 

k g (t):= I tr{(g*e- tL )(l,p,l,p))dp. (2.7) 
Jn 

Lemma 2.2.4 There exists a 5 > 0, 



k g (t) = 0(r s ),t^oo. (2.8) 



Moreover, 



k oo 



kg(t) E E / fj,n(hp)dp t~l^. (2.9) 



j=0n=0 "1 



We put 
resp., for n > 0, 
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With this notation we have the more convenient expansion 



k g (t) ~ t _ 2-r M f . 

?1=0 

Proof The asymptotics as t — > is just ( |2.5| ). It remains to prove the estimate 
Corollary |1.3.14j and Proposition |1.4.5| yield 



;2.io) 



\e L {x,p,y,q)\ < c{xy) e 1/2 
for x, y < x ,p, q G N. Then, by the scaling formula (|2.3[ 



\e- tL (x,p,y,q)\ < c(xy) £ - 1/2 t-^ 



for x, y < xo, p, q G N, t > t , thus 

k g (t) = o(r^),t^ OO. 



□ 



Definition 2.2.5 We put for Re s < 5 

40M : = 



1 rco 

-f t S - l kg(t)dt 



r(s) Jo 
i 



T(s) 



(Mk g )(s). 



Proposition and Definition 2.1.2 and the considerations we have done so far yield 



Proposition 2.2.6 Let L G Diff^(iV A , E) be elliptic, non-negative and G -invariant. 
Let L be a self-adjoint extension, which is also non-negative, scalable and G-invariant. 
Then there exists a 5 > 0, such that for g G G the function ( g (L, s) is meromorphic for 



Re s < 5 with possibly simple poles in 



' m—n \ — 1 ; 



The residue is given by 



Z. 



In s = —k, k G Z + , ( g (L, s) is regular and its value is 



(Resr(-fc)) _1 &. 



m+kfi- 



Definition 2.2.7 Let P G DiS£ u (N A ,E) be elliptic and G-invariant. For g G G put 

kg'it) := ^g((-Po,min)*-Po,min, t) 
kg W := ^g(-Po,min(-Po,min)*, t) ■ 



Then we define 



%(P , S) \= r(s)(C ff ((P 0)mill )*Po,min, S) ~ ^(^O.min^O.mm)*, «)) 

= (M(*+ -*;))(*). 



A direct consequence of Proposition 2.2.6 is 



2.3. Operators of Order 1 and 2 
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Corollary 2.2.8 There exists a 5 > 0, such that r) g {Po, s) is meromorphic in Re s < 5. 
A priori f) g {Po, s) has a simple pole at with 

Resir) 9 (P ,0) = 6+ - b m . 

Remark Lateron we will see that f) g (Po, s) is regular at 0, at least if cr^(P ) is the 
boundary symbol of a G-invariant elliptic operator on a compact manifold with conic 
singularities. 

Since an operator P e Diff^(iV A , E) is determined by its Mellin symbol a^f(P), 
in the sequel we will sometimes write f\ g {a^ \P) , s) instead of fj g (P, s). 



2.3 Operators of Order 1 and 2 

In this section we discuss in detail a class of Sturm-Liouville operators on the half 
axis R + , for which it is possible to compute the invariants £,77 rather explicitly. In 



particular, we will recover results of Callias ||Ca2| . 

We are going to proceed in two steps. First we are going to discuss a class of one- 
dimensional Sturm-Liouville operators. In the second Subsection we will replace the 
potential by an operator. 



2.3.1 The one— dimensional Case 

For p > — 1 let 



dx 2 x 

with domain G^°(R + ). Obviously, with 



'p--f3 + ^ (3-D 



we have the identity 



D p :=-— + P —± 3.2 

dx x 

] = D l D 
p ■ Ly p J -^p' 

The discussion in ( |1 . 1 1| ) and Proposition |1.3.11| imply immediately 

Lemma 2.3.1 Forp > 1, the operator l p is essentially self-adjoint. For — 1 < p < 1, 
is in the limit circle case and 00 is in the limit point case. Furthermore, D p ^ min = -Dp imax 
for p > and for —l<p<0 the map 

c p : P( J Dp, m ax) — ► C, / \imx~ p ~^f(x) 

is well-defined, continuous and induces an isomorphism 

^(-Dp,max)/2^(-Dp,min) > C. 

Definition 2.3.2 Forp > let 

Lp ■ (Pp,min) Dp,min lp 

be the Friedrichs extension of l p and for —l<p<01et 

Lp ■ (Pp,max) Pp,max 

be the "Neumann" extension ofl p . 
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A decisive tool for understanding the operators L p is the Hankel transform, which 
we are going to recall now. 

Definition 2.3.3 For f 6 C^°(R + ) and p > — 1 the Hankel transform of order p is 

defined to be _ 

f i 

(/V)0) := / (xy)*J p (xy)f(y)dy. 
Here, J p is the Bessel function of order p. 



Proposition 2.3.4 H p extends to a self-adjoint isometry L 2 (R + ) — > L 2 (R + ). 

Though this proposition is well-known ||Co| , Chap. Ill], our considerations will give 
another proof of this fact. Our next goal is to prove the following 

Proposition 2.3.5 Ti p diagonalizes the operator L p . More precisely, 

V{L p ) = {f G L 2 (R + ) | X 2 H p f E L 2 (R + )} 

and 

T-ipL p ripf = X f. 

The technique, we are going to use, is a calculus that reminds the reader of the 
" annihilator-creator" calculus of the harmonic oscillator. 

Now we are going to introduce operators which have discrete spectrum and which 
have the same behavior — > as D p resp. l p . Let 

A p :=D p -X (3.3) 

and 

hp := A l p Ap = lp - 2{p + 1) + X 2 . (3.4) 

Moreover we have 

A V A\ = h p+1 + 4. 
Analogous to Definition |2.3.2] let, for p > 0, 



ff — (A . \* a . — h T 

±±p . y / 'p.inm ) ^pjinin ' b p 

be the Friedrichs extension of h p and, for — 1 < p < 0, let 

Hp . (^.p.max) ^.p,max 

be the "Neumann" extension of h r 



Obviously, Lemma P . 3 . 1| holds accordingly for H p resp. A p . Moreover, we abbreviate 

g p (x) := x^J p (x). 



The following recursion relations hold true ||Wa| , 3.2], 0, Sec. 60] 



Jp+i{x) = -J' p (x) + ^J p (x), 
J p -i(x) = J' p (x) + -J p (x), 
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resp. 

9p+i = D p g pi 
g P -i = D p _ x g p . 

These yield immediately 

Proposition 2.3.6 On C^°(R + ) the following relations hold true: 

7~LpD p = XTL p+ i, T~Lp+iD p = X7i p , 
H p X = D p TC p+1 , H p+ iX = D P H P , 
UpAp = —A p Tt p+ x, 7~£ P +iA p = —A p T-[ p . 

In particular, H p and 7i p commute. 

Next let L%>(x) be the La guerre polynomials. Then (x'e ^ (x)) n >o is a complete 
orthogonal system in L 2 (R + ). Via the unitary transformation 

L 2 (R + )^L 2 (R + ), /^(„(2x)§/(* 2 )) 

we obtain the complete orthogonal system 

:=x p+ h-^L^(x 2 ). 



Proposition 2.3.7 Z<f> G V{H P ) and 

H p l^=Anl^. 
In particular, H p is discrete with spec H p = 4Z + . 

Proof A direct computation, using the differential equation of the Laguerre polyno- 
mials and the formula (£,£))' = -L^ ] [|FJ, p. 203], yields 

A /GO - _9/( p+1 ) 

= ^(n+i)®!. 

Hence 1$ G V{A P ^ X ) and A p , ma J^ e ^(^maJ- For p > we have #)(a;) = 
0(x*),x — > 0, and thus ® G P(y4 pmin ). But this means that l}*> G V(H p ) and 
H p l^=Anl^. 

For -1 < p < we have A p ZG%) = — 2Z^f +1 > = O (xz),x — > 0. Consequently 
ApJ W G D(^ mi J and hence J« G ^ □ 

Now, Proposition |2.3.4| is a consequence of 



Lemma 2.3.8 WpZjW = (-l) n 4 p) - 
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Proof We proceed by induction. A direct calculation gives 



/! '" ! - 1 9 P {.xy)y p+ ^e ^ dy = l^. 



Now we find 



n-i 

rL p L n+l 



2(n+l) ' L P Ji p 

2(n+l)^P rl P+l l n 

( 1 \n+l -1 4*/(p+l) 



\n+l;(p) 



n+1- 



□ 



Now we can prove Proposition |2.3.5| : 

The proof of Proposition |2.3.7| shows 1$ G T>(L P ). Moreover, it is not difficult to 
see that Proposition [2.3.6| is still true for Thus 

H p L p H p lW = X 2 l%\ 

Since the operator of multiplication by X 2 is essentially self-adjoint on the space span < 
l%>\ n G Z + >, the assertion follows. □ 



Proposition |2.3.5| allows us to express the heat kernel of L p explicitly in terms of 
BESSEL functions. 

Proposition 2.3.9 We have for t > 

2 2 

e- tL "(x,y) = i(xj/)3/ p (f )e- 2 T5"-. 
Here, I p denotes the modified Bessel function of order p. 
Proof Choose / G C^°(0, oo). We compute 



tx 2 



p 1 

oo 



g P (xS)e-*\H p f)(Odt 



CO / fOO 







WUM-WO^ - ^^ f(y)dy 



The inner integral is known. It is the so-called Weber's 2. exponential integral [|Wa 
13.31]. We find 

1 f°° 9 

e- tL *(x,y) = (xy)*j o J p (x£)JM)&-* d£ 
= |N^/ P (f)e-^. 



□ 



In Lemma [2.2.4| we associated a function, k(t), to any positive elliptic Fuchs type 
operator. For L p , this function is 



fc(t) = e-"»(l,l) = i/ p (i)e- 1 / at 
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Of course, the asymptotic behavior as t — > can be deduced directly from the well- 
known asymptotic relations of I p (x) as x — > oo ||Wa| , 7.23]. By the change of variables 
rule Lemma |2.1.4| , the (^-function is 



2 s roo 

)e x dx, 



T(s)Jo 

for complex s except the countably many points in which, according to Lemma |2.1.4 
correction terms occur. By the asymptotic relations of the Bessel functions 

I p (x) ~ cx p , x — > 0; Ip{x) ~ cx~ 1 ^ 2 e x , x — > oo, 

the integral exists for ^ < s < p + 1 in the Lebesgue sense. If p < — ~, we can write 



x 



p 



with R p (x) ~ cx p+2 , x — > 0; R p (x) ~ I p (x), x — * 00 and find 

x~ s I v (x)e~ x dx = + x~ s ( - ) e^cfe + / x~ s R p (x)e~ x dx, 



7- -tpV^y UjJj — -r 
JO 



where the second integral converges in the Lebesgue sense for | < s < p + 3. We have 
IWaj 3.7] 

- 1 (x_\^+v 

p{X) ^ m\T(m + p+l)\2j 

For real s, all summands are non-negative, hence the monotone convergence theorem 
applies and we have, for \ < s < p + 3, 

f X -I r (x)e-dx = t \ ( 7\l m + V+l \- 
Jo PK ' ^ 2 2m +Pm\T(m +p+l) 

Using Legendre's duplication formula T(2z) = 2 ^-T(z)T(z + \) we find 

22 y, rggg: + m)r(^±g + m) 

x/i^o m!r(m + p + l) 

s+p+l\ f -a+p+2 



2- s r(^^)r(^±g) ~ 

r(p+l) ^ m!(p+l)„ 

_ P r(-s + p + i) 
r(p + i) 



where F(a, b, c; 2) is the hypergeometric function. Now 

T(c)T(c-a-b) 



F(a, 6,c;l) 



r(c-a)r(c-6) 
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[]R], Sec. 32] and invoking again the duplication formula we end up with 

p r(-s + p + i)T(p + i)r(s-l) 
r(p + i) r(2±|±i)r(£±2) 

2 s ~ 1 T(-s + p + l)r(s- |) 

r(p + s) 

Summing up we have proved 
Proposition 2.3.10 

i r(-s+p + i)r(s- 1) 



20F r(p + s )r( s ) 

2.3.2 The General Case 

We turn back to the model cone, N A , over a compact G-manifold N. Let A e 
Diff 2 (iV, £) be a non-negative elliptic G-invariant differential operator. We consider 



/:=-— + — 1. (3.5) 



By Va we denote the eigenspace of A to the eigenvalue A and by 

* X :L 2 (N,E)^V X 

the orthogonal projection. Q x has a G°° kernel which we also denote by Q x (u,v). In 
order to obtain a G-invariant self-adjoint extension of I, we choose a function 

p : spec A — > (—1, oo) 

with 

p(A) = 



y/X, A > 1, 
±VX, -1 < A < 1, 



and put 

AGspec A 

with respect to the orthogonal decomposition 

L 2 (N A ,E)= L 2 (K + )®V X . 

ASspec A 

Obviously, L is self-adjoint, non-negative, and G-invariant. 
Proposition 2.3.11 The heat kernel of L is given by 

2 2 

e- tL (x,u,y,v) = Yl sW^p(a)(| )e-^$ x (u,v). (3.6) 

ASspec A 
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For g G G the function k g (t) is given by 

k 9 (t)= E e-^)(l,l)tr(^), (3.7) 

Aespec A 

where g\ denotes the endomorphism ofV\ induced by g. Moreover, 
Proof Most of the work is already done. From 



(f) P 



i p (x) = r'j p (ix) = r(p ji )r(1) i > -"( i - <-•>"-*.// 



Wa| , 3.3] we infer 



\I p {x)\<cT(p+ l -y l x p . 
Furthermore, by the elliptic estimate Lemma |1.1.17| , 

\®x{u,v)\ <C(l + A s )m(A), 

where s > n/4 is arbitrary and m(A) denotes the multiplicity of A. Now it is easy to 
see that (|3.6|) converges uniformly on compact subsets of iV A x iV A , and hence it is the 
heat kernel. 

( p.7| ) is an immediate consequence of (|3~6|). Corollary j2.A.2| shows that for p(X) > p 
large enough and \ < s <C po the dominated convergence theorem applies to 

£ i*-V^>(l,l)tr(^). 

Aespec A 
p(\)>po 

Since only a finite number of p(X) are smaller than < po, we are done by Proposition 

Next we want to study more closely the behavior of ( g (L, s) at s — 0. For that we 
need the Appendix A. Using Corollary |2.A.2 we obtain 

V r(-a+ P (A)+i) t / *\ \- fr(n *\ f r(- s+P (A)+i) r(- s +| P (A)|+i) l 

r( s + P (A)) 11 li yy\)\ r( s + P (A)) ro+| P (A)|) / 

Aespec A Aespec ^40(0,1) 

+ E tr (g ;) ggfM±a - s sgitr (9 ;) 

Aespec ^4\{0} 
N 

3=0 

with a function, R(s), analytic near 0, and -R(O) = 0. Here 

UAz)= E tr(^)A- 

Aespec A\{0} 
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is the G-equivariant (^-function of A [|G], Sec. 4.5]. Obviously, I(s) is regular at with 

HO) = E tr(^)(p(A)-b(A)|) 

Aespec ,4n(o,i) 
= E 2p(A)tr(^). 

p(A)<0 

Since ( g {A) has only simple poles, we obtain furthermore 

N i N/2 , 

E Qi00<*(4 ¥ + *) = C(A 8--)- ^(-lysbjj-^Aj + s --) + o( s ). 

3=0 A 3=1 Z 

For C g (L, s), these considerations yield 
Proposition 2.3.12 

Res 1 (T(s)C g (L,s)) s=0 = - Re Sl (g{A){-~) 

Res (r( S )C 9 (L, S )) s=0 = ^lR eSl C 3 (A)(-i)-Res C g (A)(-i) 

AT/2 , 

+ E( L ) J V ' Res i CM)U - o) - E 2p(A)tr(^). 

i=i z P(A)<0 

Next we consider a 1 st order operator: Let 5* G Diff 1 (A^, E) be a G-invariant self- 
adjoint elliptic differential operator. We consider 

D := 4- + -S. (3.9a) 
dx x 

Again, we denote by V\ the eigenspace of S to the eigenvalue A and by $a : L 2 (E) — > V\ 
the orthogonal projection. Obviously, if one puts A ± := S 2 ± S + 1/4 = (S ± 1/2) 2 , 



^ , d 2 S 2 -S ci 2 A" -1/4 
= 1 = 1 — . 

dx 2 x 2 dx 2 x 2 

are of the type ( |3.5| ). Moreover, we have 

ASspec S 1 

D mmD* nm = L p - (A) ®Idy A , 
Agspec S 

where 

p + (X) = |A + 1/2|, 

, ,A-1/2|, |A|>l/2, 

P ( A ) 

A -1/2, |A| < 1/2. 



(3.9b) 
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For the computation of the residues of fj g (D mia , s), we consider, for e > 0, the 
function 

h%s) := ( g ((S + 6) 2 , s) - ( g ((S - e)\ s). (3.10) 
By the preceding considerations we have 

1, 



Res 1 (^(Ani„))(0) = -Res 1 h 1 / 2 (- ;) 



and 



Res (?yAni„))(0) = ^-^Resx^/^-^-Reso^^-i) 

N/2 1 

+ J2(-iyb J j-iRes 1 h^(j- -) + £ 2p-(A)tr(^). 

J'=l p-(A)<0 

For simplicity we will omit the summation index "AG spec S" in the sequel. We 
just put tr(^) = if A ^ spec S. We compute 

( 9 ((S±e) 2 ,s) = J2 tr(g* x )\\±E\- 2s +j:tr(gl)\\±e\- 2s 

|A|<£,A^T£ |A|>£ 

=: I(s) + II(s) 

and furthermore 

U(s) = E tr(^)|A|- 2s (l±,/A)- 2s 

|A|>e 

Z>0 V Zi / |A|>e 



-2s-2Z-l 



The sum 



±EL! S ^ 2m Etr(^)sgn(A)|A| 

i>0 \ Zi ~+~ V |A|>£ 

£ (~f )eXMS 2 , s + <) ± E ( 2 7+ 1 )^' +, '!».>.(S. 2« + 2i + 1). 



certainly does not converge if |A| < e, hence one cannot express II(s) directly in terms 
of ( g (S 2 ) and rj g (S). Nevertheless, r] g:>£ has the same residues as rj g (S). We find 

h £ (s) = 2^- 2 ^e^\, >e (S^s + 2l + l) 

+ E tr(^)(|A + ,|- 2s -|A-,r 2s ) + (25)- 2 M^)-(2e)- 2 M^£)- 

|A|<£ 
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Thus 



Re Sl h e (j- -) 



in particular, for j = 0, 



2 £ Re Sl ( ^ ^ j %>£ (S, 2 S + 2/ + l)) s=i _ 1/2 



«>0 



58+1 r a + i 1 ) Res i^( 5 )^' + 2/ ) 



Resi ^(-^ = eRes^giS)^). 



(3.11) 



Res /i £ (--) = 2^tr(^)A + 2£tr(^)-2£tr(^ £ )-2£ £ tr(<7*) sgn (A) 



\\\<e 



0<|A|< £ 



+2e Res Vg (S)(0) - 2e Res, % (S)(0) + 2 £ ^ - ^ Re Sl ^(5)(2i). 



We sum up 
Proposition 2.3.13 



Resi(57 9 (D min ))(0) 
Res (?7g(-D m i n ))(0) 



1 



ResiT^SKO) 



-Res 0% (S')(0)-tr^-2 £ tr(g* x ) 

-i<A<0 

+ ^a fc Resi?7 5 (S')(2/c) 

fc>0 



with universal constants a^, which arc independent of S and g. 
Remark Note that the last sum is in fact finite. 



2.4 The Main Theorems 

Unless otherwise stated, for this section let M be a compact Riemannian G-manifold, 
dim M = m, with conic singularities. Here, G denotes a compact Lie group of isometries 



on M. We use the denotations of Section 2.2 



Theorem 2.4.1 Let L G Diff^ / (M, E) be a positive elliptic G-invariant differential 
operator. Assume L to be a positive self-adjoint extension. Denote by M® , dim Mj =: 
rrij, the components of the fixed point set of g G G. Then, for n < rrij, the (pj jTl are 
integrable over Mf and we have the asymptotic expansion 



Tr(g*e 



-tL\ 



k nij-l 
j=l n =0 



(4.1) 



For the proof we will need a simple 
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Lemma 2.4.2 Let M be a Riemannian manifold and L G DifP(M, E) be a positive 
elliptic operator. Assume L to be a positive self-adjoint extension. Then, for any 
compact subset K C M x M and to > 0, there exists a C , such that 

\e- tL (x,y)\<C, forx,yeK,t>t Q . 

If (L^o^gx is a C°° -family of such operators over a compact parameter manifold X, 
the C can be chosen independently of £. 

Proof Let kfi > m/2. By Lemma [1.1.17] we have for x G K, s G T)(Lf) 

\s{x)\ < c{\\s\\ + \\L\s\\) 
with some constant c > independent of £. Now Lemma |1.4.5| yields, for x,y G K, 



-the 



\<. ~^(x,y)\ < c'(supe tu + supu k e tu ) 2 

u>0 u>0 



< C for t > t . 



U 



Proof of Theorem |2.4.1] By Theorem |1.4.11| it suffices to prove the correspond- 
ing asymptotics on the model cone near the cone tip. Thus let M = N A and <p G C^°(R) 
be a cut-off function, tp = 1 near 0. Using Lemma |2.2.3| we find 



Tr(g^e- tL ) 



<p(x) I tr((g*e tL )(x,p, x,p))dpdx 



N 



(p(x) 



X JN 



tr((g*e- tx L *)(l,p,l,p))dpdx 



(4.2) 



with z := t •< and 



(p(x)a(x, xz)dx 

- f tx((g*e-^)(l,p,l,p))dp 

- [ ti((g*e~ x "^ L )( X} p } x } p))dp. 



(4.3) 
(4.4) 



In view of 



we have 



k TO,— 1 



EE/ vU^^dpc^-^ + oic 1 ) 



j = l n=0 



uniformly in < x < x - Since ip has compact support, the corresponding asymptotics 
for (p(x)a(x, () holds true uniformly for all x. To apply SAL Theorem [2.1.11 we have 
to verify the assumptions in the supplement to SAL. By Corollary |1.3.14| and Lemma 
1.4.5| we have, for x, y < 1, t < t , 



-tL 



(x,p,y,q)\ < Ct l (xyf a. 



thus for < 9 < 1, < s < 1 



\a(6s,s)\ < C9- vl+2e s 2e ~\ 
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where we have used the representation ( |4.4j ). From the preceding lemma we infer, using 
D|), for o < c < 1,0 < x < 1 

W(x,C)\<c± 



Thus SAL Theorem |2.1.11| and the supplement to SAL yield 

h Dl,— 1 

Tr(^e~ tL )^oE E f / ^(l.P.Lx^^^dpdxt-^+Oaogt). 

We had already noted after ( |2.6| ) that (p^ n is integrable for n < rrij. Now the assertion 
follows from (p. 61), too. □ 



By virtue of the usual Tauberian theorem (cf. Th. XII. 2.1, Sec. XII. 7]), we 
state an immediate consequence of Theorem |2.4.1| : 

Corollary 2.4.3 Let P Q 6 Diff^(M, E) be symmetric elliptic and let P a self-adjoint 
extension. Then P is discrete and the sequence of eigenvalues, Xj, satisfies 



\Xj\ ~ Cy 



Remark The reader might ask whether actually every P £ Diffsm (M, E) has self- 
adjoint extensions. In our situation, this is indeed true because 

F t := P max + ti, -1 < t < 1 

is a Fredholm deformation that proves the deficiency indices of Pq to be equal. This 
argument will be discussed in detail in Chapter IV below. 

Application Let V C CP^ be an algebraic curve (cf. Section |L"l~l example 1). Then 
every positive self-adjoint extension A of the Laplacian Ao is discrete and we have 

Tr(e- A ) ^t-i + OOogt), 
An 

in particular 

An 

A n (A) ~ n ^oo ,,, A n. (4.5) 
vol(V) 



For the Friedrichs extension, this has been proved independently by Yoshikawa |Yo 



It is still an open problem whether it is possible to achieve a full asymptotic expan- 
sion in (|4.1|) . In order to do that one had to verify the "higher" integrability conditions 
in SAL. For simplicity we state the problem without group actions. 

Problem 2.4.4 For which elliptic L G Diff^(M, E) and which self-adjoint extension 
L is it possible to apply SAL ? 

In case of the applicability one would obtain the asymptotic expansion 

00 „ 00 00 

T _ — _ / re — m _ — _ n — m _ — _ n 

Tv(e- tL ) Ef a n {t,L)dtt— + Y,<*nt—\ogt + Y,Pnt-, (4.6) 

n=0 M n=0 n=0 
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where the a n (£,L) are the local invariants of the heat kernel. With 



b n (x,L) 



N 



a n (x,p, L)dp 



one has (cf. 



b n (x) = x^ m n) 1 b n (l,L x ). 
Now -fjrf a n (£,L)d£ is denned to be 

P /"OO 

/ (l-tp){£)a n (t,L)dZ + i <p{x)b n (x)dx 
Jm Jo 

with the same cut-off function, ip, as in the proof of Theorem 2.4. 1| . 

In view of SAL, the a n are ^ at most if j^irn — n) — 1 S {— 1,— 2, •••}, thus k :- 
j-(n — m) £ Z + . In this case 



(4.7) 



1 d k 
k\ dx k 



b n (l,L a 



x=0 



1 d k 
k\ dx k 



„k+l 



b n (x) 



x=0 



Hence, a n is the coefficient of x~ l in the asymptotic expansion of b n {x) as x — » 0. 

Since L is a differential operator, the a n (£,L) vanish if n is odd. Thus the a n vanish for 
n odd, too. Likewise the a n vanish for n ^ m if v Q. 

The coefficients f3 n are somewhat more subtle and they cannot be computed in terms of 
the local invariants. One has to know the kernel in a neighborhood of the cone tip. The 
(3 n in general depend on the choice of the closed extension of Lq. In contrast, the a n and 
j- M a n (£, L)d£ are independent of the closed extension. SAL yields 



Pn = f 

Jo 



ni 



lx r - 



N 



tr(e" 



(l,p, l,p))dp 



x=0 



The proof that the inner term is indeed differentiable is one of the main problems if one 
wants to attack Problem 2.4.4. |BS2] and [BL4| show what difficulties one has to overcome 
for proving this. They treat the Friedrichs extension of self-adjoint operators in Diffg' 2 



resp. 



Diffg^, . This is beyond the scope of this book. However, in contrast to [BS3|, the method 
in [BL4] neither uses the Neumann series nor special functions. This gives some evidence to 
conjecture that the answer to Problem 2.4.4 is affirmative in general. 
We cite the result of [ BL~1] in our terminology. 

Theorem 2.4.5 Let Pq E Diff s ^(M, E) be elliptic. Then SAL applies to the Friedrichs 



extension of Ao 
true. 



sm 
T _ pt 



o,max-Po,min, and the asymptotic expansion (|4.6Q holds 



The situation becomes more convenient if the operator symbol is constant near the 
cone tip. 



Theorem 2.4.6 Under the assumptions of Theorem [2.4.1| assume in addition 



k=0 



x < e, 



i. e. Ak is constant for x < e. Moreover if L is a scalable extension then we have the 
asymptotic expansion 



k oo „ 
--1 n=0 JM 



+ -Reso(r&(£))(0)--& ro logt. 



v 



V 
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Proof We proceed analogously as in the proof of Theorem |2.4.1| and obtain instead 
of© 

r°° 1 r — 
Tr(g*Ve- tL ) = / <p{x)- / tr((/ e -^ L )(l,p, l,p))dpdx 

JO X JN 

= : - r <p(x)F(-)dx 
s Jo v S J 



with s := t» and 



f(0 = \h{c v ) 



Lemma |2.2.4| yields 



oo 

m E fe «^ (w_n)_1 » 

n=0 

thus F e £fe_i i00 (R + ), spec (-F) — 0. Since <£> = 1 near 0, we infer from Corollary 



2.1.10 



OO n /*00 

h( ff V tL )^oE6»| (p^x^-^-'dxt^ + i F(x)dx-b m log(t*). 
t^o Jo Jo 

In view of fl2.6|) the first summand has the desired form. Furthermore, using Lemma 



2.1.5 



/■OO /"OO ^ 

4- F(x)dx = 4- —k a (x~ u )d 
Jo Jo X 



X 

x av 
1 r°° 

= -4 r%(m 

v Jo 

= -Res (MA; 9 )(0) = -Res (r4(L))(0). 

v v U 

Corollary 2.4.7 Let D e DifP'^M, £7, F) be elliptic and G-invariant. In the repre- 
sentation 

D = X-»Y,A k {x){-X^-) k 
t^o dx 

assume Ak(x) = Ak(0) for x < e. All closed extensions of D are Fredholm. For 
g E G the function fjg^a^f^D), s) is regular at and we have the index formula 

ind(Am n , g)= I u D , g + -fj 9 ((J M u (D), 0). (4.8) 

J Mi V 

Here M| = M 9 \ ((0,e) x N) and uj^^ is the local G-equivariant index form of D. 



Proof We had already checked the Fredholm property in Proposition |1.3.16| . Fur- 
thermore, -D^iK 
formula holds: 



thermore, D^ in D min , D m i n Dj^ in are discrete and scalable. Hence the McKean-Singer 



ind(Anin,2) = Tr(g*e- W ^» u ^ - g*e 
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In view of Theorem |2.4.6] the coefficient of log t must vanish. By Corollary |2.2.4| this 
coefficient is 

1,,^ 1 



--(bi-b m ) = --Res 1 (f lg (D))(0), 



thus fj g {a^j (D), s) is regular at s = and 6+ = b m . Furthermore, we conclude from 
this 

f UJ D) g = 

J(0,e)xN 

and the desired formula follows. □ 



Together with Proposition [2.3. 13| we obtain the following special case. 



Theorem 2.4.8 Under the assumptions of Theorem \2A.7[ let jj = v = 1 and for x < e 

assume 

D = ^ + X- 1 S 
ax 

with self-adjoint S. Then 

ind(-D min , g) = I ' u D>9 - i(ife(S)(0) + tig*) - ^ tr(^) 
J MS I i , 



-4<A<0 



+~£ afc Res 1 (7 7g 0S'))(2/ C ). 
z fc>i 



In view of Resi(r/ s (cr^ I/ (Z))))(0) = — | Resi(r/ S (5))(0), we have also proved that r/ 9 (<S') 
is regular at 0. As it is well-known, this result holds in greater generality Sec. 4.3]. 
For Dirac operators ^D,g can be expressed explicitly in terms of the curvature tensor 



BGVl Theorem 4.3]. 

The structure of the formula above is very similar to the index formula of Atiyah, 
Patodi and Singer [|APS|] . See also p2| for the equivariant case. 



2. A An Asymptotic Relation for the T— Function 

The purpose of this appendix is to derive a certain asymptotic relation for the T- 
function, which is crucial for the calculations in section [T3] (cf. page 67). We follow 
essentially |BS2j , p. 419] and [p3| , p. 600]. However, we try to be as self-contained 



as possible and avoid to refer to handbooks of special functions. All we need are the 
Bernoulli polynomials and the asymptotic expansion of logr(,z) as z — > oo. 

Unfortunately, in the literature the Bernoulli numbers are enumerated in different 
ways. Let B n be defined by 

z 00 B 

=. y (A.i) 

e 1 n =o ll - 
As it is well-known, B x = — h, B 2 k+i — for k > 1, and 



B 2k > 0, k > 1. (A.2) 
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flA.lp or ( |A.2j ) are called the Bernoulli numbers by different authors. Furthermore, 
denote by ip n {x) the (periodically extended) Bernoulli polynomial, which is normalized 
as follows: 

1 ri 

ipt(x) = x - [x] - -, i/j' n+1 = 4> n , ip n (x)dx = 0. (A.3) 

Then we have 

iMO) = % (A.4) 



Lemma 2.A.1 Let K C C be compact. Then we have, for v > vq and uniformly in 
s G K , the asymptotic expansion 

log = ~ 2s lo s v + - + E + 

witt odd polynomials Rk(s) of degree < k + 1. More precisely, i?2(s) = | s + ^s 3 ; 

0(s 3 ), odd, 
2s tl)^Zl 0k/2 + o(s i ), k even. 

Proof We use the following representation of log T, valid in the region |arg z\ < 7r — 5, 
i, Th. 12] 

logr(z) = (* - |) log* - z + § log(27r) - ^ Mx) 
Integration by parts yields 



z + x 



-dx. 



logr W = {z-\) log z-z + l log(2.) + £ - „! f J^Ldx 

Thus 



log 



r(i/ + s) 

(l/ - 8 - |)(l0gl/ + log(l -£))-(!, + S - |)(l0gl/+ log(l + ^)) + 2 S 



V 

s 



Jo v z/ + x z/ + x y 

Now let vq be so large that for s & K,u > uq, we have \s/u\ < q < 1. Then Taylor 
expansion of the summands yields 

{v-s- |)(log i/ + log(l - -)) - + s - |)(log v + log(l + -)) + 2s 
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s s n+1 1 s 

= -2s\ogv-{v-s-\)--{v + s-\) 7 + 2s-{v-s-\)Y, T { 7 ) k 



s 

I- 

V 



k=2 



k v ' 



-(" + «-S)E 



n+l f_]_^fc-l 



fc=2 



-2s log „ + - + ^ + 0((-)" +1 ) 



fc=2 



with odd polynomials of degree < fc + 1, iZi^s) = |s 3 , Ri,k( s ) — 0(s 3 ). Moreover 



E 



Bk+i 



= E 



fc t! Hk + 1) 



fe t! fc(* + 1) 



V 



£)-*_(!+*)-* 
z/ z/ 

n-fc+2 / _jr. 



>K + g (-j((-lH-l)(^ + o((i r 



fe+3 



n r> 73 n+l 

= * E ^T^ fc " + E R^(s>- k + o(^— 2 ) 

/c=l fc=4 

with odd polynomials i? 2 ,fc of degree < k — 1, R,2,k{s) = 0(s 3 ), and finally 



y i^i^kiz+x)— 1 ^] 



-n-l 



(1 + 



< c (u + x)' 

JO 

= Oisv- 11 - 1 ). 



, 1 / 2(n + l) g +or ? ^ 



□ 



Corollary 2. A. 2 Under the assumptions of the last lemma we have, for v > is and 

uniformly in s G K , the asymptotic expansion 

r( ; r :it/ ) = 1/1-25 £ + ^- 2s °(^ n ) 

v "i - / fc=o 

with certain polynomials Qk- More precisely, 

Qo = l, Qi = 0, Q 2 (s) = -| S 2 + J R 2 ( S ) = I S _I S 2 + I S 3 
and, /or k > 3, 

' 0{s 2 ), k odd, 

2s M) r~ 1 frfc/2 + 0(s 2 ), Severn 
Proof The assertion follows immediately from 
I>-s + l) 

= \u — s) exp i — log v -| h 

fc=2 

- s)z/- 2s (l + ^ + E + CKsz/-"- 1 ) + 



„ n 

= (v - s) exp ( - 2s log z/ + - + ]T Rk{s)v~ k + O^"" -1 )) 



k=2 



n 

V k=2 



□ 
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We apply this asymptotics to the following situation: 

Let v~ > be an increasing sequence, lim za = oo, and let (a,-),- 6 N C C be a 

j— >oo 

sequence with the properties 

oo 

• |aj|^ p < oo for some p > 0. 
i=i 



The Dirichlet series 



COO = E 



i=i 

which is holomorphic for Re s > p, has a meromorphic extension with at most 
simple poles. 

Let n > p. Then the function 



_ , . ~ r(i/j - s + 1) 



is holomorphic for 2 Re s — 1 > p and 

[ n / 2 i f_iy-i 

$(s) = C(2s - 1) + E ^— T — b i<( 21 + 2s - 1) + sft(s) (A.5) 
i=i ^ 

with some function ft,, which is meromorphic for Re s > p — n and holomorphic at s — 0. 
Hence, $ has a meromorphic extension to the whole complex plane and the coefficients 
of the Laurent expansion at to non-positive exponents can be expressed in terms of 
the residues of £. 
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As already mentioned in the summary the content of Section p.l| is an elaboration of 
BSjJ . This paper has a lot of predecessors of which we mention ||CU| , |Ua2|| . 



The statement that scaling invariant second order differential equations and Bessel 
functions are intimately related is almost a tautology. However, it was Cheeger who 
discovered that the scaling invariance of second order Fuchs type operators can be 
exploited to achieve heat asymptotics and index theorems ||C1|, 



The explicit calculations in Section [2.3| are due to Cheeger 
them for the GauB-Bonnet operator. Chou | Chou 
Bruning/ Seeley 
of the form (|375|) , resp 
62, is maybe new. 



3], Sec. 3], who did 
treated the spin Dirac operator and 



generalized the methods to arbitrary (non-Dirac) operators 
( |3.9a| ,b). The " annihilator-creator" calculus, starting on page 



In loc. cit. ( ||C3| ) |BS3| , |Chou|| ) , the asymptotic expansion of the heat trace Theorem 
2.4.1| is also proved for the respective class of operators. Before, Callias ||Ca2|| proved 

) with p > 1. 



the heat asymptotics for the operators (|3.1| ) with p > 1. By Lemma |2.3.1| this means 
that l p is essentially self-adjoint. In the already mentioned paper [B5T| this was gener- 
alized in two directions. First, they allowed p > 0, i.e. they considered the Friedrichs 
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extension of l p . The reason for writing the potential in the form (p 2 — 1/4) jx 2 is that 
the operator 

d^_ c_ 

dx 2 x 2 

is semi-bounded iff c > —1/4. 

Secondly and more important, loc. cit. deals with variable potentials of the form 
a(x)/x 2 , a > —1/4. They consider the operator 



d 2 



dx' 



+ 



alx) 



as a perturbation of the operator 



d 2 a(0) 



dx 2 



and construct the resolvent via a Neumann series. Then they apply the SAL to this 
Neumann series. 

The methods of | |BS1| | were generalized to operator valued potentials in [ |BS2| , [BS4 
[BL3| 



BL4 



For a somewhat different approach to these expansion problems cf. also [B~I, 
It should be noted at this point that in the above mentioned literature ( [ H3 , PS3 



Choufl ) a full asymptotic expansion is proved. Whether (|4. 1|) can be generalized to a 
full asymptotic expansion remains as an open problem; see also the discussion after the 



proof of Theorem [2.4.1 



The case of a Mellin symbol which is constant in a neighborhood of the cone tip is 
much simpler: Theorem |2.4.6| states a full asymptotic expansion in this situation. This 
is a direct generalization of the early results ||Ca2| , |C3| . 

The index theorems Corollary |2.4.7| and Theorem |2.4.8| are direct consequences of the 
corresponding asymptotic expansion of the heat trace. Consequently, the bibliographic 
remarks made above apply to these results accordingly. 

Unfortunately, the term f] g on the right hand side of (}4.8|) is not very explicit. 



However, as Theorem [2.4.8| and Section ^]3| show, it is the natural generalization of the 
non-local ingredient of the index formula for first order Fuchs type operators. 

Theorem [2.4.8| is the G-equivariant version of the index theorem of Bruning and 
Seeley ||BS3|| . See also fC3| and HChou ], 
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Chapter III 



Relative Index Theory on 
Singular Manifolds 



Summary 



In the last two chapters we investigated elliptic differential operators on manifolds which 
were singular but compact. Therefore we tried to recover as many results as possible 
from the case of a compact closed manifold. 

In this chapter we deal with "complete manifolds" with singularities. By a complete 
manifold with singularities we understand a manifold which has certain " complete exits" 
and certain singularities in its interior. More precisely, we will consider the following 
situation (2.1): 

Let M be a Riemannian manifold, dimM = m, and U C M an open 
subset with smooth compact boundary N := dU, such that M := M\ U is 
complete. 

As in the previous chapters, U represents a neighborhood of the singularities of M. M 
represents the "complete exits". 

We consider a first order symmetric elliptic differential operator 



on M. The first problem we have to deal with is to construct self-adjoint extensions. If 
we assume that we know how to construct boundary conditions on U as in the case of U 
representing a conic singularity, we might hope that there is no boundary condition to 
impose at infinity. Of course, this is not true without further restrictions on D. It turns 
out that the appropriate notion to consider is the propagation speed of the operator D 
(Definition |3.1.1| below). Roughly speeking, the propagation speed tells us how fast the 
support of a solution of the wave equation 



propagates. The wave equation (j^) has the following fundamental property: given 
initial data s G C°°(E) then at least for small t there is a solution st G C^°(E) with 
So = s. Moreover, the support of St is contained in a neighborhood of s. This property 
reflects the physical phenomenon that waves travel at a finite speed. Note that this 



D : C™(E) 



C™(E) 








(1) 
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existence result works within the class of C°° sections with compact support. So we do 
not have to choose any "boundary" conditions. It was Chernoff's [CE] brilliant idea 
to use this property of the wave equation to prove essential self-adjointness for certain 
differential operators on complete manifolds. 

Due to the existence of the singularity set U it may happen that waves "travel into 
the singularity" in finite time. Thus it will be of importance to find estimates from 



above on the time until a wave reaches a given set. Proposition |3.1.6| gives an estimate 
in terms of the propagation speed of the operator. Crucial for all these considerations 
is the local energy estimate Lemma |3.1.2| (cf. ||Ch| , Proposition 1.1]). 

In Section |3.2| we introduce the notion of a Chernoff operator (Def. [3.2. 1|) . The 
Chernoff condition guarantees that waves cannot reach infinity in finite time. This 
implies essential self-adjointness on complete manifolds (Corollary |3.2.6|) . For a com- 
plete manifold with singularities this means that the complete exits do not contribute 



any boundary conditions, see Proposition |3.2.5| for the precise statement. 

Now let us fix a self-adjoint extension of D which we again denote by D. In general 



we cannot expect D to be Fredholm. In Section [3.2| we will state a simple Fredholm 
criterion. 

The rest of the chapter is devoted to relative index theory. If D is Fredholm and 
if it is supersymmetric which means that it can be written 



D 



£>_ 
D, 



then we may ask for a formula for ind-D + . Due to the existence of the complete ends 
there is probably no nice formula for ind-D+. Instead one considers a pair of such 
operators, Di,D2, which coincide at infinity. Then it is possible to find an expression 
for the difference of the indices 

ind-Di i+ — ind_D 2 ,+ - 

The point is that in general the individual heat kernels 

-to? , 
e ■?■+ 

will not be of trace class. However, we will show in Section |3]4] that 



M 



- tD *D[){ 



x.x) 



e- tD *D l 2 )(x,x) 



dx < oo. 



Even more we will show that, in a certain sense, this integral converges uniformly in t. 
This allows to prove an analogue of the McKean-Singer formula, namely 



indDi , — ind-D 2 + = / str(e 

JM 



-tD* 



-tD: 



2 (x, x))dx. 



Note that in this situation the McKean-Singer formula is nontrivial and establishing 
it is the main part of this chapter. Once we have established it we can easily derive 
relative index theorems for those U where we know the local expansion of the heat 
kernel. We would like to point out that the method we present here is due to Donnelly 
D"Tf and our exposition follows loc. cit. very closely. Further bibliographic comments 



can be found at the end of the chapter. 
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As in the previous chapters we consider the whole situation to be equivariant under 
a group action. Although this is new, the remark at the end of the summary of Chapter 
2 applies accordingly. The main new feature of our exposition is the incorporation of 
the singularity set U into the theory. 



3.1 Wave Equation and Bounded 
Propagation Speed 

We consider a Riemannian manifold, M, and a symmetric elliptic differential operator 
of order 1, 

D:C™(E)^C™(E), (1.1) 

acting between sections of the hermitian vector bundle E. 

In this chapter we will be dealing mostly with 1 st order operators, thus it is more 
convenient to omit the normalizing factor i in the definition of the symbol. Hence we 
put, for £ G T*M, e G E p , 

MO(<0 ■= D{ips){p), 

where G C°°(M),(p(p) = 0,d<p(p) = £ and s G Cq°(E), s(p) = e. For arbitrary 
V? G C°°(M), s G Cq°(E), the product rule now reads 

D((ps) = ao(d(p)(s) + ipDs. 

Note that in this notation the symbol of a symmetric operator is antisymmetric. 

Definition 3.1.1 For Q C M we put 

v(Q) := max{MO|; f G T p *M, |^| <l, P eQ}, (1.2) 

resp. if Q = B r (p ) denotes the closed ball of radius r 

v Po( r ) ■= v(B r (p )). 

v(Q) is called the propagation speed of D on Q. 

This terminology will be justified below (Lemma 3.1.2 and Proposition 3.1.6 ). 
Let 

3s 

— -iDs = 0, s = s (1.3) 

be the wave equation. Under certain assumptions which will be specified later, there 
will be a unique solution s t of Q1.3Q for given initial data s G C™(E). 

The uniqueness follows from the fact that the wave operator is L 2 -norm preserving. 
Namely if either s t G C^°(E) or s t lies in the domain of a self-adjoint extension of D 
we find 

m bt\\ = (^s t \s t ) + (s t \-s t ) 

= (iDs t \s t ) + (s t \iDs t ) = 0. 

If Sq G C^°(E) then the next lemma shows that s t G Cq 3 {E) at least for small t. 
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Lemma 3.1.2 Let p G M and suppose that Bn(p ) lies in a geodesic coordinate sys- 
tem. If s G C°°([— T, T], C°°(E)) is a solution of the wave equation (O), then 



< s t (p),s t (p) > dp, c = v P0 (R) (1.4) 

Bfl-ct(Po) 

is a decreasing function of t. 

Proof We define the vector field Y t G C°°(TM) by 

< Y tiP ,X p >:= -i < s t (p),a D (X*)s t {p) > . 
Y is real, because ajj(Xp) is antisymmetric. We calculate with <p G C£°(M) 

(divr^) = -{dfrfo) = -(y*\dy) = -(y t \(dhp)*) 

= i / < s t (p),c D {d<p(p))s t (p) > dp 



M 



i / < s t(j>)> D(ips t )(p) - (f(p)Ds t (p) > dp 

JM 

i / (< Ds t (p),s t (p) > - < s t (p),Ds t (p) >)Tpdp. 

JM 



thus 

divFt = i(< £>s t ,s t > - < sj.Dsi >). 
Differentiation of ( |1.4| ) with respect to t yields 



JB R - ct (po) 



-c < s t (p),s t (p) > da(p) 

JdB R ^ ct (po) 

= / -c\s t (p)\ 2 + < Y t:P , v{p) > da(p) , 

JdB R - ct (po) 

where v(p) denotes the exterior normal and we have used the divergence theorem. Now 
we have 

I < Y tjP ,v(p) > | = | < s t (p),a D (is(p))s t (p) > | < c\s t (p)\ 2 
and the assertion follows. □ 

Proposition 3.1.3 Let D be a self-adjoint extension of D. Then, to given initial data 
s G T>(D) there exists a unique solution s. : R — > T>(D) of the wave equation ( |1.3| ). If 
s G V°°(D) we have s.(-) G C°°(R, C°°(E)). 

Proof This is a consequence of Stone's theorem. We have 

s t = e u75 s . U 

From now on we assume that there exists a self-adjoint extension of D. We fix such 
an extension; for simplicity it will again be denoted by D. 
We generalize Definition |3.1.1| : 
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Definition 3.1.4 Let U C M be an open subset with smooth compact boundary. We 
put 

Vu (r) := sup{|a D (OI ; f e T;M , |£| < 1 , dist (p, U)<r}. 
If so e T>°°(D) and dist (U, supp sq) > then we put for g > 

T[/(f?, s o) := sup{t | dist (£/, supp s t >) > g for < t' < t] e R + U {oo} 

and 

T(U,s ) := Tu(0,s ) := s\ipTu(g,s Q ) 

= sup{t I dist (U, supp Sff) > for < t' < t}, 

which is the so-called entry-time of so in U. Obviously, Tjj(-, so) is a decreasing [0, oo]- 
valued function. Here [0, oo] := [0, oo) U {oo} carries the obvious topology and order 
structure. It is homeomorphic to [0, 1]. 

If U = {p} then we write T p (-, •) instead of T{ p }(-, ■). 

Lemma 3.1.5 If the function Tjj(-, sq) is real valued then it is left continuous. 
Remark Note that 1 1— ► dist (U, supp s t ) is left continuous. Hence we also have 

dist (U, supp s Tu (e,8Q)) > Q- (1-5) 

Proof Pick ^> , e > and put T := Tjj(g , s ). By Definition of T[/(-, s ), there exists 
ate (T , T + e), such that dist (U, supp s t ) < ^o- Then we have, for dist (U, supp s t ) < 
g < g , 

T = Tu(g , s ) < T v (g, s ) < t < T + e, 
which proves the assertion. □ 

Proposition 3.1.6 Let U C M be an open subset with smooth compact boundary and 
let s t e T> CC '{D) be a solution of the wave equation with R := dist (U, supp Sq) > 0. 
Suppose there is a r > 0,r < R, such that for each p e M\U with dist (U,p) < R, 
the ball B rQ (p) is contained in a geodesic coordinate patch. Then, for < g < R, 

m , \ f R dr r R dr 

•/c vu{r) Jg vjj{r) 

Note that vu{r) > since D is elliptic. 

Proof If Tjj(g, so) = oo then there is nothing to prove. W. 1. o. g. assume Ty{-, s ) 
to be real valued. 

In view of (|1.5|) we have dist (U, supp S2V/(e.ao)) > > for < ^ < i?. Hence for 
* < T u(Q, s ) 

dist (f/, supp s t ) = dist (dU, supp s t ). (1.6) 
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Pick p G dU =: N and consider a ball B ro (p),r < R, which is contained in a 
geodesic coordinate patch. Since r < R this ball does not meet supp s . From Lemma 
j.l.2| we infer, for < gi < g 2 < r , 

o 

supp s Tp ( g2jS0 ) + ( g2 _ gi )/ Vp{s2) n B ei ip) = 0, 

thus 

T p (gi, s ) > T p (g 2 , s ) + 02 gl . 

Since this inequality holds for any < Qi < g 2 < r , it implies the estimate 

fS2 dr [82 dr 

T p {Qi, S ) - T p {Q 2 , S ) > —r--> p-r, < Qi < Q 2 < r . (1.7) 

Jqi v p (r) J ei vu{r) 
In view of ( |1.6|) we have for < g < R 

Tu(q, so) = inf{T p (£, s )\pE dU}, 

thus we infer from (|1.7J) 

rQ2 dr 
i ex v v (r 

To prove that ( |1.8| ) holds for < Qi < g 2 < R we introduce 

rs2 dr 

A = {g e [0, R] | Tu{qx, so) - T v (g 2 , s ) > / for all < g x < g 2 < g} . 

Jqi Vu{ r ) 

By definition, A is an interval and by the preceding considerations [0, ro] C A. Since 
Tjj(-, so) is left continuous, A is closed on its right end and hence closed. We consider 
£ := sup A and assume £ < R. We will show that then [£, £ + min(r ,-R — £)] C A 
leading to a contradiction. 

Obviously, it suffices to prove 



re? dr 

Tu{gx) > / —r^ + Tufa), 0< Ql <g 2 < r . (1.8) 



rQ2 dr 

Tu(gi, s ) - Tu(g 2 , s ) > / — — for £ < < g 2 < £ + min(r , R - £). (1.9) 

Jqi vu^r) 



To prove (|1.9|) we pick e > 0. By definition of TV, there exists a 5, < 8 < e, and a 
p £ E M\U with 

dist (p e , [/) < pi, s Tc/ ( Oli s )+<5(p e ) 7^ 

hence 

T Pe (0,s ) <T u (g l ,s )+e. (1.10) 
As above one derives, for < t\ < r 2 < min(ro, R — £), 



T Pe (ri,s ) > T Ps {t 2 ,s ) + / 

Note that 



T 2 dr 



n U P , 



v„Ar 



v Pe (r) < Vu( Ql + r), Tu(£ + r) < T Pe (t) 
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hence 



T u (Qi)-T u (g 2 ) > T P M-e-T Pe { 62 - 6l ) 

re2-ei dr 

Jo 



— e 



VpA r ) 



fS2 dr 
hi vu{r) 

Since e was arbitrary we reach the conclusion. □ 

Remark The assumptions of this proposition are obviously satisfied if {p G M \ 
U | dist (U,p) < R} is contained in a compact submanifold with boundary. In particular 
this holds true if M \ U is complete. 

Proposition and Definition 3.1.7 For an open subset W C M we put 

T(U, W) := M{T(U, s)\se C?(E\W)} . 

Then, under the assumptions of the preceding proposition, the following estimate holds 

f dist (u,w) dr 



T(U, W) > / 
Jo 



v v {r) 

Now we exploit the notion of entry-time to prove estimates for functions of D. 

Proposition 3.1.8 Let U C M be open with smooth compact boundary. Then, for 
f G Co(R), / G L 1 (R) ; and ip G V°°(D), dist (supp ip, U) > 0, the following estimate 
holds 

\\f(D)<P\\L> { U,E) < -±= I , ^ \f{WZ\Wl 

\/2n J e >T(u,tfi) 



'2n J\t\>nu,<p) 

Proof By definition of entry-time we compute for arbitrary tp G C yo (E\U) 

\(f(D)^m = \^ JJ(0(e* D <p\m\ 

< -7= I l/(OMCIkl 



J\t\>T{U,<p) U 

Example We consider the function 

U, t {x) := x p e- tx2 , peZ + ,t>0. (1.11) 
The Fourier transform turns out to be 

iUO = t-Wp p (^)e-W* (1.12) 

with a polynomial P p (z) G C[z] , degP < p. Consequently 

\f P AO\<c P t-^e-^ (1.13) 

with a constant c p depending on p. 

A consequence of these inequalities is the following lemma, which is fundamental 
for kernel estimates based on bounded propagation speed. 
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Lemma 3.1.9 a) For g > 0,t > we have the estimates 

[ iLitMZ-fre-*'", (1.14) 

and 

I \f P ,MM<cg- p . (1.15) 

J\£\>Q 

b) For t > 0, g > there exists a c = c(p, t ,p ) > 0, such that, for g > g ,0 < 
t<t , 

/, \U,m\di<-e- e2/U . (1.16) 
J\S\>e Q 

Proof a) Integration by parts yields the well-known estimate 

r°° _ 2 1 _ 2 1 r°° 1 _ 2 1 _ 2 

/ e y dy = —e x - - —e y dy<—e x , x > 0. 



This implies 



e _aijr dy < —e~ ax \ x,a>0. (1.17) 
2ox 



We apply this inequality to estimate 

J\e\>p J £\>p 



'\t\>Q J \$\>e 

< 6c p t-< p - 1 >/ 2 ie-« a / w 

e 

and the first inequality is proved. 

To prove the second inequality we have to distinguish the cases p — 0, p — 1, and 
p > 1. If p = 1 then the first estimate implies the second one. If p = then 

/ \foMM < ^~ i ' 2 r e ~ e/6td z = 

J\£\>Q J-OC 

Now let p > 1: in view of (|1.14j) we maximize the function 

2 

It is a routine matter to check that <p takes its maximum at t — 3( -p_ 1 ) ■ Hence 

max </?(*) = Cg l - p 

and a) is proved. 

b) is an immediate consequence of a). □ 



3.2. Chernoff Operators 



89 



3.2 Chernoff Operators 

The following data will be considered throughout this chapter. 

Let M be a Riemannian manifold, dimM = m, and U C M an open 

subset with smooth compact boundary N := dU, such that M :— M\U (2.1) 
is complete and 

D : C£°(E) — > C£°(E) a 1 st order symmetric elliptic differential operator. (2.2) 

Moreover we put M := M\U. 

Definition 3.2.1 D will be called a Chernoff operator if its propagation speed sat- 
isfies 

I" -4t = oo- (2-3) 



Lemma 3.2.2 Let M 6e as in (2.1). Then there exists a function q G C°°(M ) 

- dist (p, iV) | < c lP eM , 
|V^(p)| < 2, P eM 

for a suitable c > 0. 

Proof We can find a complete manifold without boundary, M, with M C M (e. g. 
the double of a manifold M x with M C M x and M x \ M = [0, 1) x N with product 
metric near {1} x N; such a manifold Mi certainly exists). We choose po £ N and an 
approximation q of the distance function of po on M with 

\g(p) - d(p,p )\ < e 
\V e {p)\ < 2. 

Obviously, by the compactness of N, g\M 1 does the job. □ 



Lemma 3.2.3 Let f : R + — > R + ,/(0) > ; be an increasing function, / °° = oo. 
TTiera, /ore > 0, i/iere exists a sequence (xm) C C°°(R) having the following properties: 

(i) Xm|(-oo,m] = 1 , < Xm < 1. 

(ii) Xm( ;r ) = , a; > x , for suitable Xo = x (m). 
(in) \x' m ^)\<^m- 

Proof Obvious. □ 
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Lemma 3.2.4 Let M be as in (2.1) and D a Chernoff operator on M. Then, for 
e > 0, there exists a sequence (Vv) C C%°(Mq) having the following properties: 

(i) < ip m < 1 and ipmip) = 1 i/dist (p, N) < m, 

(ii) \V^ m {p)\ < mVu(d L(p,N)) > 



(iii) \a D (dip m ){p)\ < 



III ' 



Proof For f(x) := vu(x + c) and suitable 5 > 0, let (Xm) be the sequence of functions 
of Lemma 3.2.3| with s replaced by 5. Choose g, c according to Lemma 3.2.2 . We choose 



an integer k > c and put ip m := Xm+k ° Q- Then 1. is obviously satisfied. We obtain 

IW TO (p)| = W m+ Mv))v Q{p)\ 

25 



< 
< 



(m + k)f(g(p)) 
e 



mf(g(p)) ' 
if S < e/2 and 2. is proved. Furthermore, 

\o- D (dip m )(p)\ < vu(dist(p,N))\Vi) m (p)\ 



e 

~ m □ 



Proposition 3.2.5 Let M be as in (2.1) and D a Chernoff operator on M. If 
f G V(D max ), supp / C M , then there exists a sequence ip n G C^°(E\M ) with ip n — > /, 
D<p n -> Df, i. e. f G V((D\MoU n ). 

Proof Let ip n be as above. Then ip n f G T>(D max ), because 

D(^ n f) = a D (d^ n )(f)+^ n Df. 



Together with Lemma |3.2.4| this implies that ip n f — > f in the graph topology of L> max . 
Since supp (ip n f) is compact, Lemma |1.1.15| yields ipnf £ T^((D\M ) m i n ), thus / G 
V((D\M ) min ), too. □ 

Corollary 3.2.6 If U = 0, z. e. M is complete, then D is essentially self-adjoint. 

Now we are going to investigate Fredholm properties of Chernoff operators. 
We begin with the functional analytic characterization of the Fredholm property: 

Proposition 3.2.7 Let D be a self-adjoint operator in the Hilbert space H . Then 
the following statements are equivalent: 

(i) D is a Fredholm operator V(D) — > H. 

(ii) i spec ess (L>). 

(iii) O^spec^p 2 ). 
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(iv) ker D is finite dimensional and there is a c> 0, such that, for all x G (ker D) 1 - n 
V(D), 

\\Dx\\ > c\\x\\. 

(v) If (x n ) C T>(D) with \\x n \\H bounded and Dx n convergent then (x n ) has a conver- 
gent subsequence. 

Here spec ess denotes the essential spectrum of an operator. 

Proof The equivalences (i) <^ (ii) 4=> (iii) <^ (iv) are well-known. 

(iv) =>- (v): Let (x n ) C V(D), \\x n \\ H < K and Dx n — > y. We decompose 

x n .= x n + x n 

with x G n G ker D and a£ G ker D 1 n V(D). Then 

1„„ i „ , „ 1, 



i r - _ r - ii < _|| Dr 1 — Dr 1 II — _||n T — Dr II 

I n ^mll — II A n ^mW W^^n ±J - lj m\\-i 



J „1 



i. e. (xjj) is a Cauchy sequence and hence converges in H . Since ||rr° || < ||a; n || < K, (x°) 
is a bounded sequence in the finite-dimensional Hilbert space ker D. This sequence 
has a convergent subsequence. 

(v) (iv): If ker D were infinite dimensional, we could choose an orthonormal 
system (x n )„ e N in ker D. Obviously this contradicts (v). 

Assume, no such c > exists as asserted. Then we choose for n G N a x n G 
ker D L n T>(D), \\x n \\ = 1, and ||-Da; n || < ^. By (t>) we may assume that x n converges, 
x := limx„. Since D is a closed operator, we have Dx = 0, thus 

x G ker D fl ker D" 1 = 0, 

which contradicts ||x|| = lim||a; n || = 1. □ 
The somewhat unusual characterization (v) will be used several times in the sequel. 

Proposition 3.2.8 Let M be as in (2.1) and D a Chernoff operator on M. Let D 

be a self-adjoint extension of D . 

1. The following two statements are equivalent 

(i) We have 

D 2 = P + R 

with a non-negative closed operator P and R G C^^EndE) fl C(L 2 (E)), where 
R is positive at infinity, i. e. there exists a U -compact subset K D U , such that 
(R\M \ K) > c> 0. 

(ii) There exists a U -compact set K D U and a c > 0, such that for s G V{D), 
dist (supp s, K) > 0, we have 

\\Ds\\ > c\\s\\. 



2. If D is a Fredholm operator, then the two equivalent statements ofl. are true. 
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Proof 1. (i) =>- (ii): After enlarging K we may assume that K has smooth bound- 
ary. Since R is bounded, we have V(D 2 ) = T>{P) and for s G V(D 2 ), dist (supp s, K) > 
0, we conclude 

\\Ds\\ 2 = (Ds\Ds) = (D 2 s\s) = (Ps\s) + (Rs\s) > c\\s\\ 2 . 

By Proposition gj2j| , C%°(M \ K, E) is dense in {s G V(D) | dist (supp s, K) > 0} with 
respect to the graph norm of D and the assertion follows. 

(ii) =>■ (i): Let < e < 1 with e + e 2 < y. We choose V e Cg°(Mo) according to 
Lemma |3.2.4j , such that ip \ K = 1 and 

We put x := 1 — ^. Furthermore, let G C°°(M), supp (p C {p \ x(p) — 1}> < if < y, 
and <£>|(M \ i^') = y, where ii"' D ii" is a [/-compact set which is large enough. Now 
we infer for s G T>(D 2 ) 

{ips\s) 



< 
< 



c 2 1 
(<PX S \X S ) < 2"(X S IX S ) < 2( D (xs)\D(xs)) 

- \ \\Ds\\ 2 + 2Re{a D {d X )s\xDs) + ||a D (rfx)s| 
^(psf + 2£||s|||| J Ds|| +e 2 ||s|| 2 ) 
(l + ^)\\Dsf + £ -±^\\s\\ 2 , 



consequently R := ip — does the job. 

2. Assume 1. (ii) were not true. By virtue of Proposition |3.2.7| (v) we obtain 
a contradiction if we can construct an orthonormal system (s n ) C C£°(E\M Q ) with 
|| -Dsn || < 1/n. Since 1. (ii) is not true with c = 1, there exists a s\ G C^(Mq, E) 
with 1 1 -s x || = 1 and ||-Dsi|| < 1. Proposition p.2.5| guarantees that s\ can be chosen 
in C^°(Mo, E). Assume that s\,---,s n are already constructed. Then we choose a 
[/-compact set K D U U supp s\ U • • • U supp s n with smooth boundary. Since 1. 
(ii) is not true for K with c = l/(n + 1), there exists a s n+ i G C^°(i?|M \ ii") with 
||s n +i|| = 1, ||-Ds n+ i|| < l/(n + 1). □ 



If, in addition, i) has the Rellich property over U (cf. Definition |1.4.2j) then we 
obtain the following Fredholm criterion: 

Proposition 3.2.9 Under the assumptions of Proposition |3.2.8| assume that D has the 
Rellich property over U. Then D is a Fredholm operator if it satisfies one of the 
equivalent conditions in Proposition \5.2.8 1. I. e. for Chernoff operators with the 



Rellich property, the statements under 1. and 2. in Proposition |3.2.8| are equivalent. 



Proof We choose a [/-compact K D U, such that for s G T>(D), dist (supp s,K) 
> 0, we have 

\\Ds\\ > c\\s\\ . 
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Moreover, let K C K' with K' [/-compact and x e C°°(M) with x\ K = 1 , x\{ M \ 
K') = 0, dist (supp X; > 0. Let % have the same properties as x an d x\ supp x 
= 1. We use the criterion (v) of Proposition |3.2.7| and consider (s m ) C T>(D) with 

o 

Il s m|| < c i an d (Ds m ) convergent. Since x s m £ JCT>(D, K'), by assumption w. 1. o. g. 
we may assume that (x s m) and converge. Furthermore 

\\(1-X)(s m - Sn )\\ < l\\D({l- X )(s m -s n ))\\ 

1 1 

< -||a D ((ix)l|oo||x s m - X s n|| + -\\Ds m - Ds n \\ , 

c c 

i. e. ((1 — x) s m) is a Cauchy sequence and the assertion follows. □ 



Remark Proposition [3.2.8| and Proposition |3.2.9| also give a Fredholm criterion 



for not necessarily symmetric differential operators of order 1. Let D be an arbitrary 
elliptic differential operator of order 1 and D a closed extension. In order to be able 
to apply Proposition |3.2.8| , DD* and D*D have to satisfy the assumptions of 1. (i), 
and D,D* have to satisfy the assumptions of 1. (ii). This follows easily from the 
consideration of the operator 

( D ) 

\ D* 
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3.3 Some Kernel Estimates 

In this section we prove some estimates for the heat kernels of certain operators. 

Proposition 3.3.1 Let M be a Riemannian manifold and A : C^°(E) — > C^°(E) a 
positive elliptic differential operator of order d. Assume that A > is a self-adjoint 
extension with (jL spec ess (A). We consider the orthogonal projection 

H : L 2 (E) -> ker A 

and A := A + H > e := min(l, minspec eS s(A)) > 0. Then for t > 0,1 G Z +; and even/ 
compact set K C M, taere exists a c> 0, such that 

J M \(A l e~ tA (x,y)\ 2 d y y <ce~ t£ , t>t ,xeK, (3.1) 

|(A z e-* S (x,y)| < ce" te , t > to, x,y (E K. (3.2) 
If I > 1 then (|3.1| ) and (|3.2|) a/so hold for A instead of A. 



Proof Let &;d > dimM/2. Then we apply Lemma |1.1.17| for s G L 2 (E) and x E K 
and find 

|(A'e-^s)(x)| < c(||A'e-^s|| + ||A fc A z e-^s||) 

< c(sup |^e- t? | + sup |^ + 'e-* € |)||s|| 

< c'e~ te ||s||, t>t . 

In the case I > 1 the same computation works for A instead of A. Now the first 
inequality ( |3.1| ) is a consequence of the Riesz representation theorem; ( |3.2| ) follows from 
( |3.1| ) and the semi-group property of e~ tA . □ 

This proposition still holds - with the same proof - for a properly supported pseu- 
dodifferential operator A (cf. f5n1 , Chapter I]). 

Using the entry-time, it is possible to prove more subtle estimates: 

Proposition 3.3.2 Let M be a Riemannian manifold and let D : C X (E) — > C X (E) 
be a 1 st order symmetric elliptic differential operator on E. Assume that D is a self- 
adjoint extension of Do, A := D 2 . Moreover let A G ~Di& d (E) and X C M compact 
with smooth boundary. Then, for go > and W := {y G M | dist (X,y) > go}, we have 



sup (/ |^(^)|^)' <00. 



Proof Let U D X be an open neighborhood, such that T(U, W) > and k > 
dimM/2. Then application of Proposition |3.1.8| , Lemma |3.1.9| a), and Lemma |1.1.17 



yields, for x G X and s G C^(E\W) 

-tA„/„M ^ „ll A„-tA 



Ae~ tlx s(x)\ < c\\Ae~ tD -s\\ H k {u ^ E) 

^ II -tA II 

S c\\e s\\ H k+d( UjE ) 

< c(||e- tA S || i2([/ii;) + \\D k+d e- tA s\\ LW) ) 

< At i/o, t (oi^+ / \f k+d ,MM) in 

\J\£\>T(U.W) J\£\>T(U.W) I 



< c\\s\ 
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Now, the assertion again is a consequence of the Riesz representation theorem. □ 

Proposition 3.3.3 Under the assumptions of the preceding proposition let U D X be 
an open neighborhood. Then for t , g > there exists a constant c, such that, for 
0<t<t andW C M with T(U, W) =: g > g , 



sup l / \Ae- tA (x,w)\ 2 dw) < -e-e 2/8t . 
x( zx \Jw ) g 



(3.3) 



Proof The proof is analogous to the proof of Proposition |3.3.2| . One only has to use 
Lemma |3.1.9| b) instead of Lemma [3.1.9| a). □ 



Proposition 3.3.4 Let X be a locally compact space, fi a positive Radon measure and 
H G C(L 2 (X,fi)) a finite-rank operator with kernel 

K x i V) = J2 h i(x)9j(y)i h h gj E L 2 (X, fi). 

Then for e > there exists an open subset U C X, X \ U compact, such that for every 
Carleman operator (cf. WA , Sec. 6.2]) E 6 C(L 2 (X,/j,)) the following holds 



h(x,y)E(x,y)dfi(y) 



d/j,(x) < s\\E\ 



Proof We have 



x 



h(x,y)E(x,y)dfi(y) = J2 h i( x )( E 9j)( 



x 



hi 



thus 



u 



X 



h(x,y)E(x,y)dfx{y) 



dfi(x) < J2 J \hi(x)\\(Egj)(x)\dn(x) 
< \\ h i\\L2(u,n)\\E\\\\gj\\ L 2(x,iM)- 



In view of the regularity of Radon measures we have 



\hi\\L 2 (x,fi) — „ h m . ||^i|U 2 (-fC,(u)- 

v ' r ' KcXcompact v 



and we reach the conclusion. 



□ 
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3.4 Pairs of Chernoff Operators which coincide at 

Infinity 

For dealing with index problems the "super" terminology has the advantage that one 
can stay within the class of self-adjoint operators. Thus we will make use of the "super" 
terminology from now on: 

Definition 3.4.1 a) A vector bundle E — > M over a manifold is called a super bundle 
if there is a direct sum decomposition E = E + © E~ . The operator 

r := ld E+ © (-ld E -) G C°°(End£) 

will be called the grading operator. 

(Differential) operators will be called odd/even if they anticommute/ commute with 
the grading operator r. 

b) Let E = E + © E~ be a hermitian super bundle with grading operator r G 
C°°(End£). A differential operator D G Diff d (£) is called supersymmetric if it is 
symmetric and odd. 



For more details about "super" structures on manifolds we refer the reader to ||BGV 
Chap. I]. 

With respect to the decomposition E = E + © E~ , D has the form 

B °=U + D o")< 

where -Do,- = Dq+- Hence, a supersymmetric operator Do has a self-adjoint extension 
D: namely, choose an arbitrary closed extension, D + , of Dq + and put D_ := D* + . This 
self-adjoint extension is still odd. Obviously, all super self-adjoint extensions of D are 
of this form. In the sequel we will avoid to use the monster word "superself-adjoint". 
If we speak of a self-adjoint extension, D, of a supersymmetric operator then we will 
always assume Dr = —tD, without mentioning it explicitly. 

Definition 3.4.2 Let Mx,M2 be Riemannian manifolds as in (2.1) and -Di,o, -C^o su- 
persymmetric Chernoff operators on M%,M2- We say that 1)^0,1^2,0 coincide at 
infinity, if there exists an isometry 

F :M X \U X ^M 2 \U 2 , (4.2a) 

which lifts to an even bundle isometry 

F* : £i|(M! \ ZTl) -> E 2 \(M 2 \ U 2 ), (4.2b) 

such that 

D lfi = F- 1 oD 2fi oF*. (4.2c) 
Here, F* also denotes the isometry L 2 (Ei) L 2 (E 2 ) induced by F. 
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For simplicity we will suppress F and identify M\ \ U\,M 2 \ U 2 . This set will be 
denoted by S. Moreover we put 

E X \S = E 2 \S =: E , D lfi \S = D 2fi \S =: D, n \S = r 2 \S =: r. (4.3) 

Furthermore, we will admit that the whole situation is equivariant, i. e. there is 

a compact Lie group G, acting as isometry group on Mj] S is G-invariant and the 
operators Dj, Tj are G-invariant, too. For g G G and p G Mj, the induced isometry on 
D is denoted by 

9* ■ E hg{p) -> E hp . (4.4) 

The map 

C °°(£;) 3 g* o s o g g C™(Ej) (4.5) 

is also denoted by g*. It extends to a unitary map L 2 (Ej) — > L 2 (Ej). 
The aim of this section is to prove the following theorem: 

Theorem 3.4.3 With the notations introduced above let -Di,o, -^2,0 be G-equivariant 
Chernoff operators which coincide at infinity. Let Dx, D 2 be G-equivariant self- 
adjoint extensions which are assumed to be Fredholm. Then, for I G N and e > 0, 
there exists a G-invariant open subset W C S with S \ W compact, such that for all 
t > and all g G G 



j {g*e- tD2 W[){x,x) - (g*e- tD ^D l 2 )(x,x) 



dx < e. 



Proof We put Aj := D|. By Proposition |3.2.7| we have G" spec eS s(A.,). Let 
(hj)j=i,... t n be an orthonormal basis of ker Ai. The orthogonal projection 

H x : L 2 (E) -> ker A x 

is an operator with kernel 
i. e. 

(H lS )(x) = Y, h M)(h 3 \s) 



hj{x) / < hj(y), s(y) > dy. 

JMi 



Put Kj(t) := e" iAl and 



K^t) := e-^-H, 

„-tAi „-t 



-tAi 

1- ( 7/ . 



where Ai := Ai + ifi (cf. Proposition |3.3.1|) . 

We choose G-invariant cut-off functions 0, ip,X C°°(S) as follows: 

= in a neighborhood of <9>S, 0=1 outside some G-invariant compact 
set. 
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ijj has the same properties as and in addition ip \ supp = 1. 
X e C™(S) with x| supp (1 - 0) EE 1. 
We extend 0, ip by 0, x by 1> to Mi and define 

E t ■= X e~ tAl (l - 0) + ^e"' A2 0. 

Moreover, we put 

(d t + A 1 )E t = [A 1)X ] e -' Al (l-0) + [A 2 ,^]e- tA2 ( 
=: i2t 

and obtain 

H\Rt = Hid t E t . 
Duhamel's principle now yields 

/ 

Jo 



(4.7) 
(4.8) 

(4.9) 



(4.10) 
(4.11) 



e- sAl R t - s ds + e- tAl 



o 



Jo 

rt K 1 {s)R t ^ s ds - I Hid s E t _ s ds + K^t) + H, 
Jo 

TCi(s)Rt- s ds + H\E t + ~K\. 

Hence, for x, y G S \ (supp (1 — 0) U supp x), 

K 2 (t,x,y) - K x (t,x,y) = E t (x,y) - K x (t,x,y) 



JM 



Kx(s,x, z)R t - s (z,y)dzds + / H x (x, z)E t (z,y)dz 



M 



and, for g G G, 



(g*K 2 )(t,x,x) - (g*Ki)(t,x,x) = g*K 2 (t,gx,x) - g*K 1 (t,gx,x) 

g*Ki(s, gx, z)R t - s (z, x)dzds + / g*HAgx, z)E t (z,x)dz (4.12a) 

JM 



JM 



and, for / > 1, 



{g*D l 2 K 2 ){t,x,x) - (g*D[K 1 )(t,x,x) 
(g*D l 2 K 2 )(t,x,x) - {g*D\K x )(t,x,x) 



(4.12b) 



(g*D 1 K 1 )(s, x, z)Rt- s (z, x)dzds. 



JM 



As in the proof of Proposition |3.3.4j we now obtain, for open W\ C S with S \ W\ 
compact, 



M 



g*H 1 (gx,z)E t (z,x)dz 



dx < \\E t \\ llrt IU 2 (£)INU 2 (W) < t (4-13) 

3 D 



for suitable W x , where W x obviously can be chosen G-invariant and independent of g. 
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Next let Z C S be a fixed G-invariant compact set with supp Vip C Z and W 2 C W\ 
G-invariant with S\ W 2 compact, such that = 1 on W 2 . We get in view of ( |4.12a| ,b), 



dx 



< 



(g*D l 2 K 2 -g*D[K 1 )(t,x,x 

£ -+ [ f I (g*D l 1 K 1 )(s,x,z)[A 2 ^]e^ t ~ s ^(z,x)dzds 
5 Jw 2 Jo Jz 



dx. 



(4.14) 



We choose to > and split the s-integration, where t\ > to will be chosen later. 
Cauchy-Schwarz and Propositions |3.3.1| , |3.3.2| yield: 

f 

It! JZ 



w 2 
■t 



(g*D[K 1 )(s, x, z)[A 2 , tlj}e- {t ' s)A2 (z, x)dzds 



dx 



< 



It! JZ \JW 2 



\(g*D[K 1 )(s,x,z)\ 2 dx 



'w 2 



|[A 2 ,^]e 



-{t~s)A 2 , 



< C / e~ s5 ds 

Jt! 

- {I t lS 

~ 5 ' 



i2 dx) dzds 

(4.15) 



where 5 = min(l, minspec e (Ai)). Here, G depends on t and Z but is independent of 
t x . 

We can choose t\ large enough such that the last expression is < e/5 for all t >t%. 
Then we estimate the remaining integral from to t\\ 



< 



I f h f (g*D l 1 K 1 )(s,x,z)[A 2 ,Me- {t - s)A2 (z,x)dzds 
Jw 2 JO JZ 

(g*D[K l )(s, x, z)[A 2 , ^^'^(z, x)dzds 



Jz 



+ s io I I 1 I {g*H 1 ){x,z)^{z)d s e- {t - s)A2 {z,x)dzds 
' Jw 2 Jo Jz 



dx 
dx 
dx 



(4.16) 



=: I(W 2 ) + II(W 2/ 



We have 



II{W 2 ) < I I (g*H l )(x,zU(z)e~ {t - tl)A2 (z,x)dz 
Jw 2 Jz 



+ 



lw 2 



(g*H 1 )( y x,z)ij(z)e- tA2 (z,x)dz 



dx 
dx. 



As in ( |4.13|) one checks that W 2 can be chosen in such a way that II(W 2 ) < e/5 for all 
t > ti. 

Let W 3 C W 2 have the same properties as W 2 . Analogous to Q4.15|) we infer, using 

\[A 2 ,tlj}e- {t - s)A2 (z,x)\ 2 dx) dzds 



Proposition |3.3.3|, that 



I(W 3 ) < 



Jo Jz \Jw 3 



\{g*D[K 1 )(s,x,z)\ 2 dx 



>w 3 



< C 



< 



I I ( I \9*(D l 1 Ki(s,gx,z)\ z dx) li dzds 
Jo Jz \Jw 3 J 



T{Z',W 3 ) 



IWa 
-T(Z' ,W 3 ) 2 /8t! 
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where Z 1 D Z is a small, relative compact neighborhood. Finally, we use the Chernoff 
property: namely, if W3 is suitably chosen, we can make T(Z', W3) arbitrary large such 
that finally /(W3) < e/5. We note that because K\ — K\ — H 1 (cf. ( |4 . 1 3| ) ) there exists 
a W4 C W 3 with the same properties as W 3 , such that for all t > 



iv 4 



(g*D l 1 K 1 )(t,x,x) - {g*D[K 1 )(t,x,x) dx < e/5. 



If t < ti, we repeat the computation from ( [4.16Q with t instead of t± and we are done.D 



3.5 The Relative McKean— Singer Formula 

In this section we consider a manifold M as in (2.1) and a G-equivariant supersymmetric 
Chernoff operator Do on M. In addition, we assume that D has the property (SE) 
over U (see Definit ion |1 . 4 . 1 0|) . We note some kernel estimates which follow from Lemma 

Lemma 3.5.1 1. For k G Z + there exist Ci, C2 > 0, such that for x G U 
Here, g(x) is the function from the singular elliptic estimate (1. 



2. If x G C^(M), supp(c?x) compact, then xD k e tF)2 ,D k e w2 x are Hilbert- 
Schmidt operators and their Hilbert-Schmidt norm satisfies 

\\xD k e-* D2 \\ HS =\\D k e- tD2 x\\ HS <%+ ° 2 



t k t k+i ■ 



Proof 1. is an immediate consequence of Lemma [1.4.5 . 

2. Obviously, we have (xD k e~ tD2 )* = D h e~ tr)2 x, hence it suffices to prove the 
assertion for xD k e~ tD . We have 

\ X (x)(D k e- tD2 )(x,y)\ 2 dxdy 

MxM 

\x(x)\ 2 [ \D k e- w2 (x,y)\ 2 dydx 

M JM 

< J M \x{x)?oixfdx{f k +^f. Q 

An immediate consequence is 

Lemma 3.5.2 Let X11X2 ^ C™(M), supp (dxj) compact. Then the operator 
X\D k e~ tD X2 is trace class and the following estimate holds 

\( Xl D k e~ tD2 X 2)(x,y)\ < X i{x)X2{y) q{x) 6 {y)j k {c x + |) 2 . (5.1) 



This lemma has an important consequence. The estimate (|5.1| ) shows that we can 
differentiate 

/ X i(gx)(g*e~ tD2 )(x,x)dx, geG, (5.2) 
with respect to t under the integral. 
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Proposition 3.5.3 With the denotations of the last lemma we have 

Tr(D X iD k e- tD2 X2 ) = Tr( Xl D k e - w2 X2 D). 

Proof By the preceding considerations the operator (/ + D 2 ) X xD k e~ tr>2 X2 is trace 
class and D(I + D 2 )' 1 is bounded, consequently 

Tr(D Xl D k e- w2 X2 ) = Tr(D(I + Z) 2 ) _1 (J + D 2 ) Xl D k e~ tr>2 X2 ) 
= Tr((J + D 2 ) Xl D k e- tD \ 2 D{I + D 2 )' 1 ) 
= Tr( Xl D k e- tD2 X2 D). D 

Definition 3.5.4 Given a trace class operator, T £ C(L 2 (E)), its supertrace is denoted 
by Str(T) := Tr(rT). Given a bundle endomorphism, R £ End(E x ), we put str(-R) := 
tr(r(ar)i2). 

Note that r is the grading automorphism of the super bundle E. 

Proposition 3.5.5 Let X i, X2 be as before and denote by H the orthogonal projection 
onto ker D. If D is a Fredholm operator then we have, for g £ G, 

lim Str(#*xie _ * D2 x 2 ) = / Xi(gx) X 2(x)str((g* H)(x, x))dx 

= Str(g* Xl H X2 ). 

Proof Since (e~*/ 2D2 — H) 2 = e~ tL)2 — H, Lemma [1.4. 5| implies, for x,y £ U, 



\(e- tD2 -H)(x,y)\ < g(x)g(y)(sn P e-^ 2 + sup^V^ 2 ) 2 
< Cg(x)g(y)e- te / 2 , 

where e = min spec ess (-D 2 ). From this the assertion follows. □ 

Definition 3.5.6 Let Di j0 ,D 2 be supersymmetric Chernoff operators which coin- 
cide at infinity. Let Di,D 2 be self-adjoint extensions which are assumed to be Fred- 
holm operators. We put for g £ G 

K g (t) = f sti((g*e~ tD2 )(x,x) - {g*e- w2 ){x,x))dx. 

J M 



K g (t) is well-defined in view of Theorem 3.4.3 . If we choose cut-off functions X , ip, 
as in (4.6)-(4.8) then we can write 

K a (t) := Str(g* X e- w2 (l-<P))-Str(g* X e- tD Hl-<p)) 

+ / str((^*V(e-^ -e- w2 )<J))(x,x))dx. (5.3) 
Jm 

This shows in particular that the right hand side of ( |5.3| ) is independent of the choice 
of x, ip,(j>. 

Moreover, by Theorem |3.4.3| we can choose X , ip, <ft in such a way that the last integral 



in ( |5.3|) is < e for any given e > 0, simultaneously for all t > and g £ G. 
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Proposition 3.5.7 K g (t) is constant. 

Proof Let < t < t\ be given. We want to show that K g (t ) = K g (t\). Pick e > 
and choose X , V"> i n sucn a wa Y that the last summand in (|5.3| ) is < e/3 for alH > 0. 
Now we consider 

Kl (t) := Str(/ X e-* D ?(1 - 0)) - Str^V^l - 0)). 

As noted beforere, K\ is differentiable and we can differentiate under the integral sign. 
Since X \ supp (1 — </>) = 1 we obtain, using that Di, D 2 are odd operators, 

±-Mt) = -StT(g*D lX D 1 e- tD Hl-<f ) )) + StT(g*D 2X D 2 e- tD Hl-<P)) 
at 

= Stx(g* X e- w 'D 1 (l - <f>)D x ) - Str(g* X e- w >D 2 (l - <f>)D 2 ) 
= ~J t ^(f) + Str^ve-^ZV^)) - §tr{g* X e- tD lD 2 a D2 {d<t>)). 
Di, D 2 coincide on supp (dtp), hence 

|2-£ki(*)| < ||<td(#) 1 1 rank E [ \(g*e~ tD *D 1 - g*e~ tD i D 2 )(x, x)\dx. 

at J supp d<f) 

By Lemma 3.2.4 , we can make ||er£)(d<^)|| arbitrary small and by Theorem 3.4.3| , the 
integral can be made arbitrary small by choosing the support of d<p appropriately. In 
any case, we can choose <fi in such a way that 



l dt ~ 3(ti -t ) 
for t G [toj^i]- Then — «i(to)| < £ /3, and consequently 

- «p(*o)| < - + £ / 3 + |«i(*o) - s(*o)| < e. 

Since e > was arbitrary, we end up with n g (ti) = K g (t ). □ 

Theorem 3.5.8 Given D 1 ,D 2 as in Definition |3.5.6| , the relative McKean-Singer 
formula holds 

K g (t) = ind(Di )+ ,5-) - rad(£> 2l +, flO- 
Proof Since K g (t) is constant, it suffices to show that 

lim K g (t) = md(D 1+ ,g) - ind(D 2+ ,g). 

t — >00 

For that purpose let e > and choose X ,ip,4> such that the last summand in ( |5.3| ) 
is < e/2 for all t > 0. Moreover, let Hi,H 2 be the orthogonal projections onto 
ker Di,ker D 2 . We find 

\K g {t) - ind(D lj+ ,g) + ind(-D 2l +, flOl 

= \ K g(t) - / st r ((y#i - g*H 2 )(x,x))dx\ 

< \Stv(g* X (e- tD ' - HM1 - 0))| + |Str(^ X (e-^ 2 - H 2 )(l - <j>))\ 
+ e - + igE ( \{g*^H l( f)){x,x)\dx + TgE f \{g*i{;H 2 4>){x,x)\dx. 

I JM JM 

By Proposition 3.3.4 , we can choose ip,<j) such that the last two summands are < e/2. 
By virtue of Proposition |3.5.5| the first two summands tend to as t — > oo. □ 



3.6. Relative Index Theorems 



103 



Definition 3.5.9 For Di, D 2 as above the relative G-index is defined to be 

indpi, D 2 , g) := ind(Z> 1)+ , g) - ind(D 2 , + , g). 

Finally, we state the main result of this section. 

Theorem 3.5.10 (Local Relative Index Theorem)Let M be a Riemannian G-manifold 
as in (2.1). Let Di Q , D 2Q be super ■symmetric G-invariant Chernoff operators which 
coincide at infinity. Let D X ,D 2 be G-invariant self-adjoint extensions. Assume that 
D\,D 2 are Fredholm operators and that they have the property (SE) over U . Then, 
for g EG, 

ind(D x ,D 2 ,g) = lim ( [ sti((g*e- tD ")(x, x))dx - [ str((g*e~ tD h(x, x))dx] . 

*-»0 V7(7i Ju 2 J 

Proof Let e > be given. We choose again \, if), 0, such that the last summand in 
(|5T3|) is < e/2 for all t > 0. Since ind(£>i, D 2 , g) = K g {t), we find 

|ind(Di,D 2 ,0) - / str((g*e- tD i)(x,x))dx+ [ sti((g*e- tD *)(x, x))dx\ 
JUi Ju 2 

< e/2+ f str((g*xe~ w2l {l-(f)))(x,x))dx- f sti((g*xe' w Hl - (p))(x, x))dx 
J S J s 

Since x, \ — (f> have compact support in S, we can apply Theorem |1.1.18| . Using the 
denotations there, we find 

f r>2 k CO „ n-mj 

/ str((#*xe -^(1-^.i))^~wEE / (1 ~ 4>(x))p hn (x)dx t— . 

Here, the ipj !n (x) are invariants, which depend only on the symbol of D, its derivatives, 
and g. Hence, these invariants of D\ and D 2 coincide on S. This yields 

str((^ X e~' D? (l-0))(x,a;)) - str^e^l - <f>))(x, x))dx = 0(t N ), t^O 

for arbitrary large N. Therefore, we reach the conclusion. □ 



3.6 Relative Index Theorems 



The statement of the Local Relative Index Theorem p.5.10| can be made more precise 



if the heat kernel has an asymptotic expansion over Uj, too. The simplest situation is 
the one where Uj itself is regular, e.g. Mj is complete. 

Theorem 3.6.1 (The G-equivariant relative index theorem for Chernoff operators 
on complete manifolds) Let Mj be complete Riemannian manifolds as in Definition 
j.4.2| . Let D\,D 2 be G-equivariant super symmetric Chernoff operators which coin- 



cide at infinity. Assume that the unique self-adjoint extensions of D\,D 2 are Fred- 
holm operators. Then, for g G G, 

ind(Di, D 2 , g) = u D g (x)dx- u D2 Jx)dx, 

JUiHMf Ju 2 r\M% 

where u>d ,g denotes again the local G-equivariant index form. 
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Proof By Theorem [1.1.18 



str((g*e~ tD i)(x,x))dx, 1 = 1,2 

Ui 



has an asymptotic expansion in powers of t. In view of Theorem [3.5. 10| , only the 
coefficient of t° can survive and we reach the conclusion. □ 

We note an immediate corollary, which follows from the supplement to Theorem 



1.1. 1J 



Corollary 3.6.2 Let dimM = l(mod2). If G = {1} or M is oriented and G orien- 
tation preserving, then 

md(D u D 2 ,g) = 0. 

Furthermore, we note the corresponding statement for conical singularities. 

Theorem 3.6.3 Let Di,D 2 G-equivariant Chernoff operators on the Riemannian 
G-manifolds Mi, M 2 . Assume that D 1: D 2 coincide at infinity in the sense of Definition 
3.4.2| . Assume that the set Ui,l = 1,2 has only conical singularities in its interior and 
near the singularities, Dj has the form 

with self-adjoint Sj. Moreover, assume Di min ,D 2min to be Fredholm. Then 



ind(D 1Mn ,g) - ind(D 2 min , g) = / u D g - / 

JUi nM? . Ji 



• , ■ . , UJ D 2 ,g 
c/inMf j£ Ju 2 nM§ tS 

-\(v 9 (Si)(0) - %(S 2 )(0) + tx(g*\ ker - tr(g*\kex S 2 )) 

(tr(/|ker(5' 1 -A))-tr(/|ker(^ 2 -A))) 

-i<A<0 

+1 ®k Res 1 (%(5i))(2A;) Re Sl ( % (S 2 ))(2k). 
1 fc>i 1 k>i 

Proof From D\,D 2 construct two supersymmetric operators as described in ( |4. 1| ) 
and apply Theorem |3.5.10| , Theorem |2.4.6| , and Proposition |2.3.13| . □ 

We will see more applications of Theorem |3.5.10| in Section [O. 
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Independently, 

proved essential self-adjointness for the Dirac operator and its square. 



Hence Chernoff's result in particular applies to Dirac operators. 



Wolf 

The concept of the entry-time and Proposition |3.1.6| is due to the author. However, 
for complete manifolds Proposition |3.1.6| is implicitly contained in Chernoff's paper, 
since it is the obvious motivation for Definition |3.2.1| . Estimates based on the entry-time 
like Proposition |3.1.8| and Lemma |3.1.9| are due to Cheeger, Gromov and Taylor 

IL Theorem 2.1]. 



Proposition |3.2.8| is due to Anghel 

The seminal work on relative index theory is part of Gromov and Laws on 's funda- 
mental paper |pL|| on metrics with positive scalar curvature. They prove a relative index 
theorem for Dirac operators on complete manifolds ||GL| , Theorem 4.18]. Anghel gen- 
eralized this result to any essentially self-adjoint first order elliptic differential operator 
on a complete manifold [|AT| , Corollary 3.15]. However, the proofs of [|GL] , |A1|| do not 
use the heat equation and hence their index theorems are not local. 

The local relative index theorem Theorem |3.6.1| is due to Donnelly ||D1|| for the 
signature operator. The generalization of Donnelly's method to arbitrary Dirac 
operators was carried out by Bunke [ Bui ]. The present generalization which covers 
group actions and singularities in the interior, in particular conic singularities, is due 
to the author. As already mentioned in the summary, our exposition follows |pi|| very 
closely. 
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Chapter IV 



Deficiency Indices and 
Dirac— Schrodinger Operators 



Summary 

If D is a symmetric Chernoff operator like in the previous section then it is a priori 
not clear that D has any self-adjoint extension at all. If the underlying manifold is 
complete then D is essentially self-adjoint in view of Corollary p.2.6| . However, in the 
presence of singularities D may have nontrivial deficiency indices. 

From the functional analytic point of view the symmetric and self-adjoint extensions 
of D are very well understood by von Neumann's theory of deficiency indices. There- 
fore it is a natural question whether it is possible to calculate the deficiency indices of 
Chernoff operators at least for a simple class of singularities. 

If a symmetric operator, D, has certain invariance properties (e.g. equivariant with 
respect to a group action, equivariant with respect to a Clifford action) then it is natural 
to ask for self-adjoint extensions within the appropriate class of invariant operators. 



Therefore, in Section [11] we generalize von Neumann's theory of deficiency indices 
to operators which are equivariant with respect to a compact group or with respect to a 
Clifford algebra. This leads to deficiency indices taking values in a character ring or in 
KO~*(pt). We content ourselves to operators with a finite dimensional defect space. In 
this case the operators D*±il are Fredholm and the deficiency indices are Fredholm 
indices. It is this observation that lead us to construct " Clifford-deficiency" indices and 



hence our construction uses the Clifford index a la Atiyah-Bott-Shapiro [|LM| , Sec. 
111.10]. 



In Section |4.2| we discuss what we call the localization principle for deficiency in- 
dices. Let D be a Chernoff operator on a manifold M, where M is as in (|3].2.1). 
Then roughly speaking, the deficiency indices are independent of the structure of M at 
infinity. More precisely, the deficiency indices can be calculated in an arbitrary small 
neighborhood of the singularities of M. This means that deficiency indices are com- 
putable if we have a nice model for the singularities. As examples we then discuss first 
order Fuchs type operators on the model cone and first order operators of APS type 
on the model cylinder. 



In Section fO] we put together the results of Sections fO] and [12] to calculate the 
various types of deficiency indices on complete manifolds with conic singularities. A 
consequence of our theory is a purely analytic proof of the G)-Cobordism Theorem 
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for Dirac operators. Moreover, we would like to emphasize that in our approach to 
the Cobordism Theorem it is not essential that the operator is of Dirac type. All we 
need is the Chernoff property and a certain typical form of the operator near the 
cone tip (cf. g^-gj). 

Another application of the Deficiency Index Theorem is an obstruction against met- 
rics of positive scalar curvature (Theorem |4.3.6| ). 

The basic idea for the proof of the Cobordism Theorem is very simple and therefore 
we single it out here. Let D be a symmetric closed operator in some Hilbert space 7i 
with finite deficiency indices. Then, D + iXI is Fredholm for A G R \ {0} and 



ind(£> + iXI) 



-n + (D), A > 0, 
-n_(£>), A<0. 



All we need to conclude that n + (D) = n_(-D) is the FREDHOLMness of D. Namely, if 
D is a Fredholm operator then 

D + iXI, -1 < A < 1 

is a continuous family of Fredholm operators and the stability of the Fredholm index 
implies n + (D) = n_(D). Now, the Deficiency Index Theorems (4.3.2 , 4.3.5| interprete the 



Fredholm index of a certain Chernoff operator, A, as the difference of the deficiency 
indices of another operator, D. Furthermore, D is Fredholm if A is cobordant to 0. 
Hence the deficiency indices of D coincide and thus the index of A vanishes. 

We have sketched here the complex case. This has to be refined for C/fc-linear 
operators. 

In Section Owe discuss Dirac-Schrodinger operators. Dirac-Schrodinger 



operators are symmetric Chernoff operators with a skew-adjoint potential. These 
operators turn out to have an interesting Fredholm index. The context of singular 
manifolds allows us to present the index theory of Dirac-Schrodinger operators and 
the theory of deficiency indices in a unified way. Namely, the operator D ± il, whose 
indices are the deficiency indices of D, is a typical example of a Dirac-Schrodinger 
operator. 

Finally we should mention that the term "Dirac-Schrodinger operator" is not 
the only one that can be found in the literature. The first index theorem for such 
operators was published by Callias [paTf and hence the term "Callias operator" 



occurs quite frequently in the literature ||A2| , Pu2j , [Raj. 



Nowadays the term Dirac-Schrodinger operator seems to become standard 
and following the suggestion of one of the referees we prefer the latter to address these 
operators. 
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4.1 Deficiency Indices of Equivariant Operators 

First of all we recall the basic facts about deficiency indices. Given a densely defined 
symmetric operator, P : T>(P) — > Ti, in the complex Hilbert space TC, we denote by 
P m i n its closure and put P max := P* D Pmin- We equip £>(P max ) with the graph scalar 
product 

{x\y) P := (x\y) + (P m ^x\P max y) . (1.1) 
Furthermore, we introduce the hermitian sesquilinear form 

q P (x,y) := -i((P max x\y) - (x\P nmx y)), x,y G X>(P max ). (1.2) 

We note explicitly that in this book scalar products are linear in the first and antilinear 
in the second argument. 

The following result is well-known (cf. |PS| , Sec. XII.4.7]). However, since it will be 
crucial for the rest of this chapter we include a proof for the convenience of the reader. 

Proposition 4.1.1 Let Ti be a complex Hilbert space and P a densely defined sym- 
metric closed operator in ri. 

E ± (P) : = ker (P max E{P) := E + {P) © E.(P), 

are closed subspaces ofT>(P max ) and we have an orthogonal decomposition 

^(Pmax) = P(Pmin) © E + (P) © P_(P), (1.3) 

where the sum is orthogonal with respect to the graph scalar product ( |1 . 1| ) . 
We write the domain of an extension, P min C P C P max in the form 

V{P) = P(P min ) © V 

with a subspace V C E(P). Then we have the following characterization of symmetric 
and self-adjoint extensions of P min : 

(i) D(P min ) © V is the domain of a symmetric extension of Pmin if an d only if there 
is a subspace W C E + (P) and an isometry $ from W into E_ (P) such that 

V = {x + $x | x G W}. (1.4) 



(ii) £>(P m i n ) © V is the domain of a self-adjoint extension o/P m i n if and only if there 
is a unitary map $ from E + (P) onto E_(P) such that 

V = {x + $x\xeE + (P)}. 



Remark The numbers 



n±(P) := dimP ± (P) G Z + U {00} 



are called the deficiency indices of P. They reveal the existence of self-adjoint exten- 
sions of P: P has self-adjoint extensions if and only if n + (P) = n_(P) and there is a 
1-1 correspondence between self-adjoint extensions and unitaries E + — > P_. 



110 



4. Deficiency Indices and Dirac-Schrodinger Operators 



Proof First, we show that E(P) is orthogonal to X>(P m i n ) with respect to the graph 
scalar product. We pick x G T>(P min ) and y G E±{P), P max y = ey,e E {±«}. Then 

(Av)p = ( x \y) + (PminX\P max y) 

= (x\y)+ £(Pmin^|y) 

= (x\y) + e(x\P mSLX y) 
= (x\y)+e 2 (x\y) = 0. 

By definition, V(P niin ) is a closed subspace of the Hilbert space T>(P max ), where 
both spaces are equipped with the graph scalar product. We let 

E(P) := P(P min ) ± 

be the orthogonal complement, such that 

V(P max )=V(P nin )®E(P). 

We already proved E(P) C E(P). To prove the reverse inclusion pick x E E(P). Then 
we have for all y G T>(P min ) 

= (x\y) P = (x\y) + (P max x\P mhl y). 

By definition of the adjoint this implies P ma x^ G T>(P max ) and 

Moreover P max x G P(P) since for all y G 2}(P min ) 

(Pmax^b)p = (Pnax^b) + (Pmax^ I Pnaxl/) 
= (z| Pining) - (^iPminy) = 0. 

Furthermore, we have for x,y G P(P) 

(^Il/)P = (^1?/) + (Pnax^l Pmaxl/) 

= (-^max-^l-^maxl/) + (Pnax^ | Pirnx^) 
(Pmax3'|Pmaxl/)p- 

Summing up we have proved that P max maps E(P) isometrically into itself and its 
square equals —1. Thus E(P) splits into the orthogonal sum of the ±i-eigenspaces of 
Pmax|P(P) which proves E(P) C E(P). 

The hermitian sesquilinear form qr> is positive definite on E + (P) and negative defi- 
nite on P_(P). Moreover, X?(P m i n ) + V is the domain of a symmetric extension of P m i n 
if and only if q D (x,y) = for x, y G V. It is the domain of a self-adjoint extension if 
and only if 

{x G E(P) | g P (:r, y) = for all y G = V. 
From these observations (i) and (ii) easily follow. □ 
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If the deficiency indices are finite then they can be interpreted as Fredholm indices, 
because we have the following 

Note 4.1.2 If n±(P) < oo then P min + MI is a Fredholm operator for \ ell \ {0} 

and 

' -n+(P), A>0, 



ind(P min + Xil) 



-n-(P), A<0. 



If Pmin itself is a Fredholm operator then n+(P) = n_(P) = — ind(P mm ). 

To check the Fredholm property of P m i n it suffices to show that dim ker P min < oo 
and that P m i n has closed range. 

Proof Most of the statements are obvious. We prove the last assertion. Thus assume 
that dim ker P min < oo and that P m i n has closed range. We have to show 

dim ker P max < oo. 

If x = x + £ E ker P max , with x E V(P mm ),£ E E(P) = E+(P) © E_(P), we find, 
since P max maps E(P) unitarily into itself, 

G P mm (E(P)), 

thus 

dim ker P max < dimP(P) + dim ker P min < oo. 

Now (P m i n + Ai/)_i<A<i is a continuous family of Fredholm operators X>(P min ) — > TC. 
By the stability of the Fredholm index we conclude 

indP min = ind(P min + i) = -n+(P) 

= ind(P min -i) = -n_(P). □ 



We already noted in Section [2.4| that the Fredholm property of P m \n implies the 
equality of the deficiency indices. 

For later purposes, we need a characterization of the deficiency indices which is 
independent of the orthogonal decomposition ( |1.3|) and which only uses the space 
V(P max )/V(P min ). 



The hermitian sesquilinear form qp defined in (|1.2f) satisfies qp(x,y) = whenever 
x G £>(P m in) oi y E X?(P min ). Hence, qp induces a hermitian sesquilinear form on 
P (Pmax) /D (Pmin), which we also denote by qp. Obviously, the following holds 

Note 4.1.3 qp is non-degenerate on T>(P max ) /T>(P m i n ) and if this space is finite di- 
mensional then we have 

n+(P) = index(q , p), 
dim(X>(P max )/P(P min )) = rank(gp), 

n-(P) = rank(gp) — index(gp). 

Proof From the orthogonal decomposition ( |1.3| ) we infer 

qp(x,x) = ±||x||p, x E E±(P), 
q P {x,y) = 0, XEE + (P), y E P_(P) 

and we reach the conclusion. □ 
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The aim of this section is to generalize these considerations to operators which are 
equivariant with respect to a compact group or with respect to a Clifford algebra. 
In the sequel we will always consider operators with finite deficiency indices. 

4.1.1 G— Equivariant Symmetric Operators 

Let G be a compact group acting unitarily on the Hilbert space 7f. Furthermore, let 
P be a G-equivariant symmetric operator, i.e. 

GdUCiH), 

gP = Pg for g <E G. 

The last equation in particular means gT>(P) = T>(P) and Pgx = gPx for x G T>(P). 
It easily implies gP m i n = P m i n g- Next let x G V(P IDjax ) and g G G. Then we have for all 
z G V(P min ) 

(gx\P min z) = {x\g~ l P min z) = {x\P m i n g~ x z) = {P^x^ 1 z) = (gP m ^x\z), (1.5) 

thus gx G T>(P max ) and gPm& x % = Pmaxfl^- Consequently, G also acts unitarily on 
T>{P mas ) and the E±(P) are finite dimensional representation spaces of G. 

Definition 4.1.4 The G-deficiency indices, n±(P, G), of P are defined to be the equiv- 
alence classes of the finite dimensional G-module E±(P) in the character ring R(G), 
i. e. n ± (P,G) := Xe ± (p)- Xe ± (p) is defined via 

XE ± (P)(g) =ti(g\E±(P)) =: n±(P,g), g G G. 

For the discussion of R(G) we refer to ||BD| , Sec. II. 7]. 



Lemma 4.1.5 1. P has G-equivariant self-adjoint extensions if and only if 
n + (P,G) = n_(P,G). In this case, there is a 1-1 correspondence between G-equivariant 
self-adjoint extensions and unitary G-module isomorphisms E + (P) — > E-{P). If 
$ : E + (P) — > E-{P) is a G-module isomorphism then the domain of the corresponding 
G-equivariant self-adjoint extension is 

V(P min ) © {x + $x | x G E+{P)}. 

2. Pmin + Ail is a G-Fredholm operator for A G R \ {0} and 

-n+{P,G), A>0, 
-n-(P,G), A<0. 

If -Pmin itself is a Fredholm operator then n + {P, G) = n_(P, G) = — ind(P min , G). 



ind(P min + MI, G) 



The proof of this lemma is completely analogous to the proof's of Proposition [4.1. 1| 
and Note |Tg| . 



In order to obtain the the analogue of Note |4.l!3| , we consider pairs, (V, q), consisting 
of a finite dimensional representation space, V, of G and a non-degenerate hermitian 
G-invariant sesquilinear form q. To (V, q) we assign an element of R(G) as follows: 
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we choose a hermitian G-invariant scalar product on V. Then there is a hermitian 
invertible G-endomorphism, A : V — > V, such that 

q{x,y) = (Ax\y). 

If V ± denotes the positive (negative) spectral subspace of A, then 

V = V + ®V- (1.6) 

is a G-invariant decomposition, such that q\V + is positive definite and q\V~ is negative 
definite. We put 

mq):=[V + ]-[V-]ER(G). 

From ( Oj| ) we infer in particular that, in case of irreducibility of V, q is positive or 
negative definite. This also yields a proof of the fact that $ is well-defined. Namely, if 

V = Vi © • • • © V r © K+i © ■ • • © K+s (1.7) 
is the decomposition into irreducible G-modules, such that 

> 0, j < r, 
v < 0, j > r + 1, 

we obtain immediately 

$(^, g) = N + • • • + [V r ] - [V r+1 ] [V r+S \. 

Thus we have proved. 

Lemma 4.1.6 If one decomposes (T>(P milx )/V(P iain ),q) according to (|1.7|) , i/ien 

n + (P,G) = [y 1 ] + ... + [F r ], 
n_(P,G) = [V r+1 ] + --- + [V r+s ], 
$(V(P max )/V(P min ),q) = n+(P,G)-n„(P,G). 

4.1.2 Deficiency Indices of C/fc— linear Real Operators 

In this subsection we investigate the functional analytic properties of symmetric and 
antisymmetric operators which are C/fc-linear. Clk is the real Clifford algebra, for 
which we refer to |[LM , Chap. 1]. Likewise, we will not reproduce the index theory of 



q\V 3 



G/fc-linear Fredholm operators in this book. We use it in the terminology of |[LM] , 
Sec. III. 10]. Let Ti be a Z 2 -graded real Hilbert space. We assume that the Clifford 
algebra Clk is represented (as a C*-algebra) on C(TL). We may think of Clk as the 
universal C*-algebra generated by unitary elements ex, • • ■ , subject to the relations 

CiCj + CjCi = —2Sij. (1.8) 

Now we replace k by k + 1 and consider a densely defined, symmetric, odd, G4 + i-linear 
operator 

P : V(P) — > H. (1.9) 
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C7fc + i-linear means that P commutes with the elements of Clk+i- In particular, the 
domain of P is invariant under the ej. First, we are interested in the question whether 
P has self-adjoint C7fc+i-linear extensions or what are the obstructions against this. 
According to |[LM| , Remark III. 10. 9], we can get rid of the grading: 

Definition 4.1.7 Let a be the grading automorphism of the Clifford algebra, i. e. 
a ( e j) = ~ e j- An antisymmetric operator, P, in 7i will be called Clk-antilinear, if the 
elements of Clk map the domain of P into itself and PC, = ot(£)P for £ 6 Clk- 

Proposition 4.1.8 Let P be symmetric and Clk+i-linear. Moreover let 

\P° ) 

be the representation of P with respect to the decomposition of the Hilbert space 7i 
induced by a. If one identifies Clk with Cl® +1 (see below) in the usual way, then the 
operator e\P° is antisymmetric and Clk-antilinear. P has self-adjoint odd Clk+i-linear 
extensions if and only if e\P° has skew-adjoint Clk-antilinear extensions. 

Proof The identification of Clk with C7° +1 is obtained by choosing the elements 

fj := e j+i e i> J ' = 1j ' ' ' ? k 

as generators of Clk- These obviously satisfy the defining relations ( |1.8| ). It is clear 
that e\P° is antisymmetric. Moreover, 

f jei P° = e j+1 e iei P° = - ei e i+iei P = -e^f,, j > 1, 

thus e\P° is C/fe-antilinear. 

Now if P is a self-adjoint odd C/^+i-linear extension of P then the same calculation 
shows that eiP° is skew-adjoint and CZfc-antilinear. 

Conversely, let D be a C/fc-antilinear skew-adjoint extension of e\P°. Then 

P:= 





is a self-adjoint odd C/fc + i-linear extension of P and we are done. □ 

Thus, in case k > we are reduced to the consideration of ungraded antisymmetric 
C7fc-antilinear operators. In case k = — 1 we just have to deal with an odd symmetric 
operator, which always has odd self-adjoint extensions (cf. (d- fOP ). 

Thus let P be antisymmetric and C/fc-antilinear. Similar to the beginning of this 
section we put 

Pmax := ~P*. (1.10) 

P max is an extension of P m i n and analogous to Proposition |4.1.1| one proves the orthog- 
onal decomposition 

V(P max ) = X?(P min ) © E + (P) © P_(P), 

(1.11) 

E±(P) :=ker (P max T/)- 

We put 

E(P) :=P + (P)©P_(P) (1.12) 
and assume from now on that E(P) is finite dimensional. 
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Lemma 4.1.9 E(P) is a Z 2 -graded Cl k -module. Here, the grading is given by the 
decomposition E(P) := E + (P) © E_(P). 

Proof Analogous to ( |1.5| ) we see that P max as well as P m \ n are C/fc-antilinear. Conse- 
quently, Cl k is represented on D(P max ) (as a C*-algebra), and V(P m i n ) is a C7fc-invariant 
subspace. Then the orthogonal complement, E(P), is invariant, too. Since P max also is 
C/fc-antilinear, we get immediately that the odd Clifford elements map E± — > E T and 
the even Clifford-elements map E± — > E±. □ 

Following Atiyah-Bott-Shapiro (cf. ||ABS|] , |[LM] , Sec. 1.9]), let M k be the 



Grothendieck group of equivalence classes of finite dimensional Z 2 -graded Cl k - 
modules. Then there is a canonical isomorphism 

M k /M k+1 = KO~ k (pt), (1.13) 

where KO denotes the K-theory of real vector bundles (cf. [ICML Sec. 1.9]) If is 



defined analogously for ungraded modules, one has the isomorphism 

M k -i/Mk = M k /M k +i. (1.14) 

Definition 4.1.10 The deficiency index 

def-ind fc (P) G KO- k (pt) = M k /M k+l 
of the operator P is defined to be the equivalence class of the module E(P). 



Theorem 4.1.11 The antisymmetric Cl k -antilinear operator P has a skew-adjoint 
Cl k -antilinear extension if and only if def-indfc(P) = 0. 

In this case, there is a 1-1 correspondence between skew-adjoint Cl k -antilinear ex- 
tensions and unitary isomorphisms U : E + (P) — > P_(P) satisfying 

e j U = U*e j \E + . (1.15) 

The domain of the corresponding extension is 

£>(Pmin) © {X + UX | X E E+(P)}. 

Proof Let P be such an extension. This means 

V(P) = £>(P min ) © {x + Ux | x E E + } 
with an isometry U : E + — > P_. In addition, 

V- : = { x + Ux | x e E + } 
is C/fc-invariant. Now, ( |1.15j) can easily be checked. Putting 



eo 



-U* 
U 



this induces a graded C/fe + i-module structure on E(P), thus def-indP = 0. The con- 
clusions can be reversed. □ 
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Next we give an interpretation of def-ind as a Fredholm index. Since the case k = 
is completely analogous to the ordinary complex case, we may assume that k > 1. The 
proof of Theorem |4.1.11| shows that P at least has a skew-adjoint CZ&_i-antilinear 



extension P. It is defined on 

V(F) := D(P min ) © W, W :={x + e 1 x\xeE + (P)} (1.16) 

and it is easy to check that W is invariant under e 2 , ■ ■ ■ , e&. Now we consider the 
operator 

P + Aei, AgR, (1.17) 

which is skew-adjoint and C7fc_i-antilinear with respect to the Clifford algebra gener- 
ated by e 2 , • • • ,e k . 

Lemma 4.1.12 1. Let T be an antisymmetric closed operator with closed range, 
dimker T < oo, dimP(T) < oo. Then T is Fredholm and ind(T) = -|dimP(T). 

2. If A ^ 0, the operator P min + Aei is injective with closed range and Fredholm. 
Furthermore, 

ker (P max ± ei ) C E(P). 

Proof 1. is shown like Note |4. 1.2| . 

2. The first assertion follows immediately from the identity 

|| (Pmin + A ei )x|| 2 = ||P min a;|| 2 + A 2 ||a;|| 2 , iGP(P») 

and part 1. For proving the rest of the statement we compute for x G ker (P max ±ei), y G 
V(P min ) 

(x\y) P = (x\y) + (P miiX x\P m - m y) = (x\y) =F (eix|P mm y) 

= (eix|eiy) ± (P max a;|eiy) = ((P max ± e x )x\eiy) = 0, 

thus x G P(P min ) ± = E(P). U 
From this Lemma we immediately obtain 

ker(P max + ei) = {x + e\X \ x G P + (P)}, 
ker(P max -ei) = {x — e±x \ x G P + (P)}. 



Consequently 



ker (P + ei ) = W, ker(P-ei) = {0}. (1.18) 



Now, we recall the Definition of the C/^— Fredholm index (cf. |LM| , Sec. III. 10]). 



Given a skew-adjoint C/fc-antilinear Fredholm operator T. Then ker T is a finite 
dimensional C/fc-module, which in view of ( |1.14|) defines an equivalence class ind^+iT : = 



[ker T] G KO~ k ~ l {pt). This index has the same stability properties as the ordinary 
Fredholm index. In particular it is a homotopy invariant. Furthermore, we note 
that the isomorphism ( |1. 14 ) is obtained by assigning to a graded CZfc+i-module V the 



(ungraded) Cl° k+1 ^ C^-module V+ [EM Prop. 1.5.20] 



4.1. Deficiency Indices of Equivariant Operators 
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Lemma 4.1.13 E + (T) and W are canonical isomorphic as Clk-\-modules. 

Proof Note first, that the Clifford algebra generated by e^ex, e%e\, ■ ■ ■ , e^ei acts on 
E + (T) and the Clifford algebra generated by e% ■ ■ ■ , Ck acts on W . Then the isomor- 
phism is given by 

E + — > W, x i-> —=(x + eix). □ 
\/2 v ' 

Summing up we have proved: 

Theorem 4.1.14 Let P be an antisymmetric Clk-antilinear operator with dim E(P) 
< oo, k > 1. Let P be the operator defined in ( |1.16|) . 

1. For A 7^ 0, the operator P + Aei is a skew-adjoint Clk-i-antilinear Fredholm 
operator. Furthermore, we have 



ind fc (P + Xei) 



def-ind fc (P), A > 0, 
0, A<0. 
2. If P m m itself is Fredholm then def-ind fc (P) = 0. 

Just for completeness, we note the case k = which corresponds to Note [4.1.2| . 

Theorem 4.1.15 Let P be as above and k = 0. Then, for A ^ 0, Pmm + XI is a 
Fredholm operator and 

-dimP+(P), A>0, 



ind(P min + XI) 



-dimP_(P), A<0. 



In particular 

def-indo(P) = ind(P min - /) - ind(P min + J). 

If Pmm itself is Fredholm then def-ind (P) = 0. 

We briefly discuss the interesting cases according to the classification of Clifford 
algebras. This will also give an interpretation of deficiency indices independent of 
the scalar product. This is the analogue of Note [4. 1 .3| and Lemma [LL6[ We write 
k = 8m + 1, 1 G {0, • • • , 7} and note that 

Clsm+l — Clsm ® Cl\. 

Here the tensor product is to be understood in the ungraded sense and Cl^m+i inherits 
the grading from Cl\ (cf. [|LM| , Sec. 1.4]). Since Cls m is finite dimensional, H has an 
isometric representation 

n = v®n 1 (i.i9) 

with the irreducible C7 8 m~ m odule V and a Hilbert space TCi on which Cli acts (Using 
the Clifford group, this follows easily from the theorem of Peter- Weyl (cf. [|R2|, 2.15ff])). 
Since Clgm+i inherits the grading from Cli, P commutes with elements of the form 
x ® l,x G Clsm- Since V is irreducible over Cls m , P has the form 

P = I®Q (1.20) 

with an antisymmetric C/j-antilinear operator Q. Now we deal with the interesting 
cases I = 0, 1, 2, 4 separately. 
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1 = 0: is Theorem 14.1.15 . 



1 = 1: E(Q) is a graded CZi-module. Thus E + {Q) is just a real vector space. This is 
a Cl\ = C-vector space if and only if its dimension is even, thus 



def-ind^Q) = dim R E+(Q) mod 2 = - dim R E(Q) mod 2. 



;i.21) 



1 = 2: E(Q) is a graded C^-module, consequently E + (Q) is a Cl\ = C-vector 
space. This is a CI2 = H-vector space if and only if its complex dimension is even. 
Consequently 



def-ind 2 (<2) = dim c E+(Q) mod 2 = - dim R £(Q) mod 2. 



(1.22) 



1 = 4: In this case we make another reduction. Analogous to ( 1.1 91") we obtain 

u x = w <g> n 2 

with an irreducible C/4-module W. If uo G CZ4 is the volume element then the operator 
ujQ is C^-linear. Thus like ( 1.20|) 



ujQ = I ®R 



and 



Q = u®R 

with an antisymmetric operator i?. Now one easily checks 

def-ind 4 ((5) = def-ind (-R). 



(1-23) 
(1.24) 

(1.25) 



We note again that the right hand sides of ( |1.21| ), ( |1.22| ), ( |1.25| ) are invariants of the 
hermitian sesquilinear form qp on (P(P ma x)/^(-Pmin), %)■ 



4.2 Localization of the Deficiency Index 

The considerations of the preceding section easily yield a localization principle for de- 
ficiency indices of Chernoff operators. We consider again the situation (0.2.1) and a 
symmetric Chernoff operator, Do, on M. We wish to treat the situations of Sections 
[4. 1 . 1| and [4.1.2| simultaneously as far as possible and assume that Do is equivariant in 



the sense of one of these sections. In the case of G-equivariance, this also includes 
the G-invariance of U. Let D C D C -Do,max be a symmetric equivariant extension. 
In particular we have D C D nmx C -D max . We consider the spaces K,V(D, U) and 
/C£>(.D max , U) (cf. (|I].fL2|)). By Proposition |3.2.5| we always have (1 — <p)s G T^-Do.mm) 



for s G ^(-Dmax/min) and (p G Cij (M) with (p\U = 1. Thus (ps G T>(D maiX / min ). Con- 
sequently, the assumption stated before (P]. [4.2| ) is satisfied automatically. From these 
considerations one easily concludes (cf. |L1], Sec. 2] for details): 



4.2. Localization of the Deficiency Index 
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Theorem 4.2.1 The natural inclusion a : JCD(D max , U) ■=— > X'(-Dmax) induces an equiv- 
ariant isomorphism 

a : (/CD(Anax, U)/ICV(D min , U), q D ) — > (V(D max )/V(D min ), q D ). 



In view of Lemma |4.1.6| and the considerations at the end of Section |4.1|, this shows 
that the deficiency indices only depend on D restricted to U, i. e. they do not depend 
on the " complete part" M\U . 

Corollary 4.2.2 Let D\,D 2 be Chernoff operators on M\,M 2 which coincide over 
Ui,U 2 in the sense of Definition |1.4.10| . Assume that Di,D2 are equivariant, either 
with respect to a compact group ( cf. Sec. fLLjp or with respect to a Clifford action ( cf. 
Sec. 14.1.2] / Then their deficiency indices coincide. 

Furthermore, we remark that the condition <pD{Dx) = i pD[D 2 ) for cp G C^(U), 
cp\ W = 1 is stable under taking closures. In particular, it holds for D x , 
if only D x \Cf{E\U) = D 2 \C^{E\U). 

Namely, if s G V(Di), then there exists (s n ) C V(Dx), s n — > s,Dis n — > Dis. 
Consequently, <ps n G <pV(Di) = (pV(D 2 ),(ps n — > ips and 

Di(<ps n ) = Dx(cps n ) = a Dl (d<f)(s n ) +(pDis n . 

Since supp <iy? is compact this converges and hence (ps G V(D 2 ). But then we also have 
cps G <pV(D 2 ). 

4.2.1 G— Equivariant Operators on the Model Cone N A 

Let 

A : C™{E) — > C™(E) (2.1) 

be a first order symmetric elliptic differential operator acting between sections of the 
hermitian vector bundle E —>■ N. We assume A to be equivariant with respect to a 
compact group G (cf. p. 97/97). Moreover, let T be a unitary bundle endomorphism 
E — > E satisfying 

T 2 = —I, TA = -AT. (2.2) 

We consider 

D := n-^ + A) : C °°(R + , C?(E)) — > C °°(R + , C~{E)). (2.3) 

We note that Dirac operators on the metric cylinder R + x iV are of this form. For 
those operators, V is Clifford multiplication by the inward normal vector. 

Definition 4.2.3 For A > let 

V(D X ) := {/ g C™(K + ,C™(E)) | l [x>oo) (A)(f(0)) = 0} 

and 

V(D°) := {/ G C7 CO (R + ,C -(E)) | l (0 ,oo)(A)(/(0)) = 0}. 
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For the definition of 1[a,oo) see P- 44. 
Lemma 4.2.4 D x is symmetric and 

(V(D x m J/V(DU,QD) = (V\q), 

where 

V x = 



im l(_ AiA )(A), A > 0, 
ker A, A = 0, 



and 

q(x,y) = i(Tx\y), x,yEV x . 
Proof We proceed analogously to the proof of |Lj] , Prop. 4.1]. Put 

W^A) : = ker (A 2 - /i 2 J), \± > 0. 

Then 

L 2 (R + ,L 2 (£)) = ©L 2 (R + ,^(A)) 



/i>0 

is a G-equivariant decomposition which reduces D x . For the proof that 

D X \L 2 (R + ,W,(A)) 

is essentially self-adjoint for fi > A, we may ignore the G-action. For /i > A we now 
choose an orthonormal basis (4> n )n=i,--,N of ker (A — fil). Then (T<j) n ) is an orthonormal 
basis of ker (A + fil) and hence 

TV 

W^A) = © span(0 n ,r0 n ). 

n=l 



On L 2 (R + , span (0 n , r</> n )), D A has the form 

1 i I &r ' I -fi 



T=(° ° 



with domain 

V{T) = {(/i, / 2 ) G G °°(R + , C 2 ) | A(0) = 0}. 
Integration by parts now immediately shows that T is essentially self-adjoint and 

v(T) = {(fi, h) e H l (R+, c 2 ) | /i(o) = o}. 

Let T M := D x \L 2 (R +} W^A)) for fi < A. Then 

^(^max) = # C 2 ) 

and integration by parts shows that 

V{T^) — > H^(A), / ^ /(0) 

induces an isomorphism 

(^(T M , max )/P(T /timin ),g T J — ■* 
with q(x,y) = i(Tx\y). From this the assertion follows. □ 
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$ : ker (r ± i) D W^A) -> ker (A - /if), a; i-> — (x + Ux) 



Corollary 4.2.5 (cf. [ |L1| , Prop. 4.1]) The deficiency indices of D x are finite and 
n±(D, G) = [ker (r ± i) fl ker A] + £ [ ker ( A ~ G R ( G )- 

0</t<A 

Proof Using the notations of the preceding proof, 

V x = ker A © £ W m (j4) 

0</i<A 

is an orthogonal decomposition into G-modules which is also g-orthogonal. Obviously, 
q is positive definite on ker (r + i) and negative definite on ker (T — i). Consequently, 

n±(D, G) = [ker (r ± i) n ker A] + £ [ker (r ± z) n 

0<^<A 

Let U := /i^ 1 (^4 1 W^(A)). Then [/ is a self-adjoint isometry and the map 

1 

is an isomorphism of G-modules. □ 
Now we turn back to Fuchs type operators. Let D G Diff^.' 1 (A^ A , E) be of the form 

D = T{^- + -A) (2.4) 

OX X 

with r, A as in ( |2.1| ), ( |2.2| ). Dirac operators on the model cone N A with metric 
g = dx 2 © x 2 gw are of this form |[L1| , Sec. 5]. By Proposition |1.3.11| and Proposition 
l2~5l / G T>(D max ) has the form 

f( x ) = J2 <f( x ) x ~ X f\ + 9 

|A|<§ 

where y2 G Cg°(R), (p = 1 near 0, # G V(D min ) and / A G ker (A - A/). 
Lemma 4.2.6 T7ie map 

|A|<§ 

induces an isomorphism 

(V(D max )/V(D min ),q D ) — > 
where q and V? are defined in Lemma |4.2.4| . 

Proof We already know that $ is an isomorphism of vector spaces. It remains to 
investigate how qr> transforms under $. If j\ G ker (A — XI), f 2 G ker (A — fil), then 

rod 

{DipX- x h\ipX-»f 2 )= / ip\x)ip(x)x- x -»dx(Tf\\f 2 ). 

Jo 

Since T and A anticommute, we have (r/il/2) — if /x 7^ —A. If /i = —A, then 
integration by parts yields 

{D v X- x h\ipX-^ 2 ) = -(r/i|/ 2 ) + (tpX^MDtpX-^). 

Hence, 

g D (v9X- A /i|^-v 2 ) = ^(rA|/ 2 ) 

and we reach the conclusion. □ 
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Thus, Corollary ^4.2.5| holds true for this operator, too. Since we know q, we now also 
know how to construct self-adjoint extensions. First of all we must have n + (D,G) = 
n-(D,G), i. e. 

[ker (r + i) n ker A] = [ker (r - i) fl ker A). 

The operator e = iT defines a grading and A is odd with respect to this grading. Hence 
A decomposes as 

MI o) 

with respect to this grading. 

We single out the following definition of which we will make use very often in the 
sequel: 

Proposition and Definition 4.2.7 With the denotations introduced before we put 

ind(A,e,G) := ind(A + ,G) 

= [ker (e — 1) n ker A] - [ker (e + 1) n ker A] (2.5) 
= n+(D,G)-n-(D,G). 

If ind(A,e, G) = then we can choose a G-invariant reflection, a, of V x which 
anticommutes with T, and we put 

V(D*) := {/ G V(D X ) | /(0) G ker (a - 1)} (2.6) 

and 

V{D a ) := {/ G D(Anax) I Hf) G ker (a - 1)} (2.7) 

for D as in ( |2.4j ). Obviously, in this way we obtain all G-invariant self-adjoint exten- 
sions. 

We state a condition which guarantees the scalability of D a in the sense of Definition 
TT% if 

a\ ker (A - XI) = 



-1, 0<A<|, 
1, -|<A<0 



and 

do := cr| ker A 

is an arbitrary G-invariant reflection anticommuting with T then the operator D a is 
scalable. 



4.3. The Deficiency Index Theorem and the Cobordism Theorem 
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4.3 The Deficiency Index Theorem and the 

Cobordism Theorem 

Our considerations we have done so far yield a "simple" proof of the Cobordism The- 
orem, which we will need in the sequel (cf. 0). Of course, one has to be careful with 



the word " simple" , because after all the source of this result is Proposition |1.3.16| , for 
which we had to work somewhat. The results of this section are an extension of the 
paper [ CI] to the G-equivariant case. They had been announced in loc. cit. 



Theorem 4.3.1 (Cobordism Theorem) Let M be a compact G-manifold with boundary 
and D a G -invariant elliptic differential operator of order 1. Assume that D restricted 



to a collar of the boundary takes the form D = + A) as in ( p.l| - p.3| ). Then we 
have md(A } iT, G) = (cf. (fT3|) ). 

Proof We attach a cone, (0, 1) x N, to the boundary of M such that on (0, |) X N 
we have 

d 1 

^dx x 



Then application of Corollary [4.2.5| , Corollary [4.2.2| and (|2.5| ) (cf. the end of the last 
section) yields 

md(A,iT,G) = n + (D,G) - ri-(D,G). (3.1) 
Since M is compact, D m i n is Fredholm by Proposition |1.3.16| and the assertion follows 



from Lemma 14.1.51. □ 



Remark The proof could as well be done by means of the operator D x . Indeed, the 
Sections |1.4| , |1.4.1| show that -Dmin i s Fredholm and (|3.1| ) also holds for this operator. 



Theorem 4.3.2 (Deficiency Index Theorem) Let M be a complete G-manifold with 

conic singularities and D £ Difl ?1 ' 1 (M) a G -invariant symmetric Chernoff operator 

on M. Let N be a compact hyper surf ace which partitions M into M± with common 

boundary N, such that M + is complete with boundary and the singularities lie in the 

interior of M_. Assume that D restricted to a tubular neighborhood of N, (—1, 1) x N 

'A. 

• dx 



takes the form D = T(4- + A) as in (|2.1| - |2.3|) . Then the G-deficiency indices of D are 



finite and 

n+(D, G) - n-(D, G) = md(A, iT, G). 

Proof In view of the Cobordism Theorem, we may assume that N is the cone cross 
section near the singularity. Then the assertion follows immediately from Corollary 
ITS] Corollary W?2?2\ and (pD • □ 



4.3.1 C7fc— antilinear Operators 

We consider a spin manifold M. On M there exists a canonical C7 m -linear DlRAC 
operator |LM] , Sec. II. 7]. Let I be the left regular representation of Cl m on itself and 
put 



S{M) :=P spin x z CZ 



(3.2) 
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S(M) admits a natural C7 m — right action which commutes with the DlRAC operator T>. 
If M is compact then the index of T> is the so-called a-invariant of M 

a{M) = ind m (D). (3.3) 

For the discussion of the deficiency index theorem in this setting, we need the sepa- 
ration of variables for D on the model cone N A . Hence, put M = R + x N with metric 
dx 2 © x 2 gN- Since the representation I of the spin group is induced from a represen- 
tation of the Clifford algebra, S(M) is a direct sum of spinor bundles. Therefore, the 
separation of variables, worked out in | [L1| , Sec. 5] for the complex case, carries over to 
this situation as well. Via the identification 

CZ m _i -> Cf m , ej^eo-ej, j = 1, • • • ,m - 1 

we have 

S°{M)\{1} xJV~ S(N) = P spin x ; C7 m _! (3.4) 
and there exist isometries 

Vtyi : L 2 (R + ,L 2 (5(iV))) - L 2 (<S 0/1 (M)), 

such that 

^(P|5°(M))^ = Eoi-H- - V). (3.5) 

ax x 

Here Po denotes Clifford multiplication by Now there is a parallel C7 m -right action 
on S(M). Let P G Cl m be an element with P 2 = —1 and 

P • Po = -1. (3.6) 

Denote by Rf right multiplication by F . We put 

Q:=R Fo oV: CZ°(n + ,C°°(S(N))) - C °°(R + , C°°(S(N))). (3.7) 

We find 

&r x (3.8) 
P = $V N , $* = $, $ 2 = J, $P = -P$, P* = -P. 

An analogous construction can be done for the metric cylinder M = R + x N,g = 
dx 2 © gN- There, one checks completely analogous that Q has the form 

«-•!-« (3-9) 

Furthermore, we remark that — $ is the grading automorphism of S(N). This is 
easily seen from 



Eo(E Ej 1 ■ ■ ■ E Ej k )F = (—l) k+1 E Ej 1 ■ ■ ■ E E. 



3k' 



We are mainly interested in the operator Q. Nevertheless, the following results can be 
derived for arbitrary operators which have the form ( |3.8|) on a cone. 
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Lemma 4.3.3 Let N be a compact manifold and E a C/fc-DlRAC bundle over N ||L1VI|, 



Def. II. 7.2]. Let — $ be the grading automorphism and P an odd, Clk-antilinear, 
antisymmetric, elliptic differential operator on E. Then the C Ik-deficiency index of the 
operator 

OX X 

is given by 

def-ind fe (Q) = ind fc (P). 

Proof Let 

V X (P) :=ker(P 2 + A 2 ). 
Analogous to the considerations in Section [4.2. 1| , we find that 



P(Q)=ker(P)© V X {P). 

0<A<± 

Putting 

P fc+1 :=A- 1 P|y A (P), 
we obtain a Z 2 -graded C/fc+i-module structure on V\(P), thus 

[E{Q)\ = [ker P]. 

It remains to check that the grading on ker P induced by E(Q) indeed has grading 
operator — <&. Take 

/eL 2 (R + ,ker P) 

with 

Qf = ef, e = ±l. 

Writing 

f(x) = f + (x) + f_{x), f ± e L 2 (R + , ker P n ker ($ T I)), 

we find 

f±(x) = e ± ^f ± (0) 

and hence we are done. □ 



We state the analogues of Theorem [4.3. 1| and Theorem [4.3.2| . In view of the preceding 



lemma, their proofs are completely analogous and therefore they will be omitted. 

Theorem 4.3.4 (C/fc-Cobordism Theorem) Let M be a compact manifold with bound- 
ary and Q an antisymmetric, Clk-antilinear, elliptic differential operator of order 1. 
Assume furthermore that Q has the form ( |3.9| ) on a collar of the boundary. Then 
ind fe (P) =0. 

In particular, if the spin manifold M bounds then a(M) = 0. 
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Theorem 4.3.5 (C7fc-Deficiency Index Theorem) Let M be a complete manifold with 
conic singularities and Q G Diff 1 ' 1 (M) an antisymmetric Cl^-antilinear Chernoff 
operator. Assume furthermore that Q has the form ( |3.8| ) near the cone tip. Let N be a 
compact hypersurface that partitions M into M± with common boundary N, such that 
M + is complete with boundary and the singularities lie in the interior of M_. Assume 
that Q has the form (|3.9| ) in a tubular neighborhood, (—1, 1) x N, of N . Then the 
deficiency indices of Q are finite and 



def-ind fe (<3) = ind fc (P). 



In particular, if Q is the C7 m -DlRAC operator V, then def-ind m _i(r>) = a(N). 



We give an application. Let M be a complete Riemannian manifold. We say that 
M has strictly positive scalar curvature at infinity if there exists a compact set K C M, 
such that the scalar curvature, s, satisfies s\(M \ K) > c > 0. Note that there is no 
assumption on s over K. The following theorem is an improvement of Theorem [4.3.4 



Theorem 4.3.6 Let M be a complete Riemannian spin manifold with compact bound- 
ary N . If M has strictly positive scalar curvature at infinity then a(N) = 0. 



A consequence of this theorem is that a compact spin manifold, N, with a(N) ^ 
cannot bound a complete Riemannian spin manifold having strictly positive scalar 
curvature at infinity. In particular, the cylinder Rx iV does not admit a complete 
metric with strictly positive scalar curvature at infinity. 

Proof After deformation of the metric near the boundary, we may assume that the 
metric is product near the boundary. We attach a cone to the boundary. Let V be the 
C7 m -DlRAC operator on the resulting manifold M. By Theorem [4.3.5| we have 



def-ind m _i(£>) = a(N). 



On the other hand, we have in view of the Lichnerowicz formula L1VJ, Theorem 
II.8.8], 

£>*£> = V*V + -S, 



thus, by an easy adaption of Proposition |3.2.9| (cf. the remark at the end of Section 
PD , V is Fredholm and hence, by Theorem |4.1.14j , def-ind m (D) = which is a 
contradiction! □ 



4.4 Dirac— Schrodinger Operators 

Dirac— Schrodinger operators are obtained by adding a potential to a symmetric 
(Chernoff) operator. In general, this destroys the symmetry and we obtain operators 
which may have an interesting index. Before stating the definition, we begin with an 
observation about the heat kernel of symmetric operators. 
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Lemma 4.4.1 Let P e Diff 1,:L (N A , E) be symmetric and of the form ( |2.4j ). Then we 
have, for <p e C^°(R) with <p = 1 near and g E G, 

Tr(^*(e"* PminPmax - e"* PmaxPmin )) = ~n(P, #) + 0{t N ), t -> 0, 
/or arbitrary large N. Here we have abbreviated n(P,g) := n + (P,g) + n_(P,g). 

Proof Since P is symmetric, the local heat invariants of P max P m m and P m inPmax coin- 
cide. Consequently, by Theorem [2.4.6| only the power t° occurs in the heat asymptotics. 
The constant term is 

a := )- (Res (r4(P min P max ))(0) - Res (r4(P max P min ))(0) 



Analogous to the consideration after Proposition |2.3.12| , we find 

PmaxPnin = Lq+(X) ® Wy A , 
ASspec A 

PminPnax = L q - ( A ) ® Idy A , 
ASspec A 



with 



<7 + (A) = \X + l 



<f (A) 



2 

|A + ||, |A| > |, 
-A - 2) |A| < \- 



Using Proposition |2.3.12j we infer 

a = £ g-(A)tr(ffx) 

<?-(A)<0 

= ~n(P,<?) + J2 \ti(& = \n(P,g), 

|A|<i 

since A and T anticommute. □ 

This proof proceeded just by direct computation using heavily the cone structure. 
Nevertheless, this lemma has a considerable generalization (see Lemma [4.4.6| below). 
Next we fix the setting for the rest of this section: 

Let M be as in (£|2.i), where a compact group of isometries acts on M, ,^ ^ 
leaving U invariant. 

Let D : C$°(E) — > C^(E) be a G-equivariant CHERNOFF operator on 

M and P a symmetric G-invariant closed extension with finite deficiency (4-2) 

indices. 

Assume that D has the property (SE) over U . (4-3) 
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Definition 4.4.2 Let A e (End(E)) be a self-adjoint G-equivariant bundle homo- 
morphism. The operator D + iA will be called a Dirac-Schrodinger operator if the 
following holds: 

(i) A is uniformly bounded, i. e. \A\oo < oo. 

(ii) there exists a U-compact subset K , U C K C M, such that 

A 2 \M\K > c> 0. 

(iii) [D, A] is a bounded operator of order 0, i. e. \[D, A]^ < oo. 

The latter also means that A maps the domain of D into itself. 

In addition, we say that [D, A] vanishes at infinity, if for given e > there exists a 
U-compact subset K such that \[D, A](x)\ < e for x e M \ K . 

Proposition 4.4.3 Let D + iXA be a Dirac-Schrodinger operator. Then there is a 
Ao > such that the operator D + iXA is Fredholm for all A > Ao- If [D, A] vanishes 
at infinity then D + iXA is Fredholm for all A > 0. 

Proof We use the criterion Proposition |3.2.8| , Proposition |3.2.9| (cf. also the remark 
at the end of Section |3T2j ). 

Pick s E V(D*D). Since A : V(D) -> V(D) and D is symmetric, we find 

(D + i\A)*(D + i\A)s = D*Ds + i\[D, A}s + X 2 A 2 s, 

thus 

D*D + iX[D, A] + X 2 A 2 C (D + iXA)*{D + iXA). 

This implies equality since both operators are self-adjoint. For (D + iXA)(D + iXA)* 
one computes analogously 

(D + iXA)(D + iXA)* = DD* - iX[D, A] + X 2 A 2 . 



By Definition s^ (ii), there is a [/-compact set K, U C K C M, such that A 2 \M\K > 



c > 0. Hence, if A is large enough, we find that 

(D + iXA)*(D + iXA) — D*D and (D + iXA) (D + iXA)* - DD* (4.4) 

are positive at infinity. 

If [D, A] vanishes at infinity then the operators in ( f4.4|) are positive at infinity for 
any A > 0. 

By Proposition |3.2.8| and Proposition |3.2.9| we reach the conclusion. □ 



Remarks 1. In the sequel, we will incorporate Ao into the potential A. When we 
speak of a Dirac— Schrodinger operator D + iA, we will assume implicitly that 
A = 1 and hence D + iA is Fredholm. 

2. The character ring R(G) is in a natural way a subring of the ring of class functions 
on G. If we multiply elements of R(G) by rational numbers one may think of doing 
this within the ring of class functions. 

We note two simple properties of the index of Dirac-Schrodinger operators. 
Strictly speaking, the index of a Dirac-Schrodinger operator behaves like a defi- 
ciency index. Namely, we have 
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Proposition 4.4.4 Let D + iA be a Dirac-Schrodinger operator. Then 

ind(X> + iA, G) + ind(L> - iA, G) = -n(D, G). 
In particular, this is if M is complete. 
Proof We have 

-ind(D + iA, G) = ind(D* - iA, G) 

= md((D-iA) m3X ,G) 

= n(D, G) + ind(D — iA, G). 

In the last step we have used the G-equivariant analogue of Lemma |1.3.15| . Namely, if 

a : V(D) V(D max ) 
is the natural inclusion then a is a G-equivariant Fredholm operator with 

ind(a,G) = —n(D, G) 

and we have 

D — iA — {D — zA) max o a. □ 

Proposition 4.4.5 LetD + iA be a Dirac-Schrodinger operator. Assume further- 
more that [D, A] vanishes at infinity and that D + 1 is Fredholm for some t G R. 
Then 

md(D + iA, G) = ~\n(D, G). 

In particular, if D is self-adjoint and has a gap in its essential spectrum then ind(D + 
iA,G) = 0. 

Proof D+t+iXA is a Dirac-Schrodinger operator for t e R, A e R\{0}. More- 
over it is Fredholm, because [D, A] vanishes at infinity. If D + t itself is Fredholm 
then we find in view of Lemma [4.1. 5| 

ind(D + iA, G) = md(D + t + iA, G) 
= md(D + t ,G) 

= -n + {D,G) = -n_{D,G) = - l -n{D,G). Q 



Now we can state a generalization of Lemma 4.4.1 



Lemma 4.4.6 Let m = dimM be odd and G orientation preserving. Let W C U such 
that U is relative W -compact, and let if G C^j(M) be G-invariant with ip\W = 1. 
Then, for g G G, there is an asymptotic expansion 

m 

Tr(^*(e~ tDminDmax - e -* DmaxDmin )) = ant^ + o(l), t -> 0, 



n=0 



where ao = \n(D, g). 



Here, the "small o", o(l),t — > 0, stands for any function (p(t) such that lim^(t) = 0. 
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Proof We choose a G-invariant function / e Cff{M) with f\U=l. Let if) G CgP(M) 
be G-invariant with ■0|supp(/) = 1. Since [D, /] = cr D (df) has compact support, i.e. 
is vanishing at infinity, the operators 

D± := -Dmax/min + «(1 — /) 

are Dirac-Schrodinger operators. Note that -D max / m in + «(1 - /) are Fredholm 
operators in view of Proposition |4.4.3| , whence A = 1. Since / has [/-compact support, 

D± + itf, < t < 1, (4.5) 

is a continuous family of Fredholm operators and Lemma [4.1.5| yields 

ind(D_,flf) = -n+(D,g), 
ind(D + ,g) = n_(D,g). 

In view of Theorem |3.5.10| we obtain 

n(D,g) = ind(L> + , £>_,<?) 

= Ti(if)g*(e- tD + D + - e- tD+D +)) - Trtyg\e- W - D - - e' 10 - -)) + o(t). 



The operators D + and -D max resp. D_ and D min coincide on U. Hence Theorem p.. 4.11 
implies 

n(D, g) = 2Tr(y?#*(e~* DminDmax - e ~ tD ^ D ^)) + Tr((ip - ip)g*(e- tD *+ D + - e~ tD+D *+)) 
-Tr((^ - <p)g*(e- tD - D - - e- tD ~ D -)) + o(t). 



Since ip — if has compact support, the assertion follows from Theorem |1.1.18| and its 
supplement. □ 

Proposition 4.4.7 Let m be odd and G orientation preserving. Let Pj = Dj + iAj,j = 
1,2, be Dirac-Schrodinger operators which coincide at infinity (cf. Section 3~3 ). 
Then their relative index is 

1 1 

ind(Pi imax , P 2 ,ma X , G) = -n(D 1 , G) - -n(D 2 , G), 

md(P 1Mn ,P 2tWin ,G) = ^n(D 2 ,G)-^n(D 1 ,G). 



Proof Let Kj be Uj- compact sets in Mj,j = 1,2, such that the Pj coincide outside 
Kj. We choose G-invariant functions fj G C°°(Mj), fj\Kj = 0, and fj = 1 outside a 
fTj-compact subset of Mj. Since Aj is bounded and Dj has the Rellich property, we 
find 

ind(Z>j + iAj, G) = md(Dj + ifcAj, G) 

(cf. ( f4.5|) ). With the same consideration as in the proof of Lemma [4.4.6| we obtain, for 
9 e G, 



ind(P] 



i ,maxi 2,max, 



9) 



lim 

\j Kl 



tr((g*(e 



-tDiD* 



-tD*Di 



))(x, x))dx 



-tD 2 D* 9 



- tr((^(e 
-n{D u g) - -n(D 2 ,g). 



-tD*D 2 



^ 2 ))(x,x))dx 
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Since g G G was arbitrary, the first assertion follows. For the minimal extensions the 
proof is completely analogous. □ 

Next we want to compute the G-index of a Dirac-Schrodinger operator P = 
D + %A. However, we are only able to do this under some additional assumptions. 
Namely, we assume that M is partitioned into M± by a compact hypersurface N, such 
that 

(i) M + is complete with compact boundary N, 

(ii) The "singularity set", U, satisfies U C M_ \ N, 

(iii) A 2 \M + > c> 0, 

(iv) There is a tubular neighborhood, (—1, 1) x N, around N such that D\(—l, 1) x N 
has the form 

as in (gjHQD. 

We note that (i)-(iii) can always be arranged by choosing M_ large enough. By 
deformation of the metric (iv) can always be arranged for Dirac operators. 

First we choose a G-invariant function / 6 C°°(M) with / = on M_\([— |, 1) xAf) 
and / = 1 on M + . In a neighborhood of M + we put 

A:=A(A 2 )-^ 

and consider the operator 

D + if A. 



Lemma 4.4.8 D + if A is a Dirac-Schrodinger operator and, for A > A > 0, 
D + i\f A has the same G-index as P. 

Proof For proving the first assertion it suffices to show that [D, A] restricted to M + 
is a uniformly bounded operator of order 0. Since 

[D,A] = [D,A](A*)-*+A[D,(A 2 )-$] 

it is enough to show this for [D, (A 2 )~^]. On M + we have the pointwise identity 

(A 2 )"5 = - / (A 2 + x 2 )~ l dx (4.6) 

7T JO 

and the first assertion follows from 

[D, (A 2 + x 2 )- 1 } = -(A 2 + x 2 )- 1 ^, A 2 }(A 2 + x 2 )- 1 

and [D, A 2 ] = [D, A] A + A[D, A}. 
Now, for A > A , 

D + i\(ftA+(l-t)A), 0<t<l, 

is a continuous family of Fredholm operators and the second assertion is a consequence 
of the stability of the Fredholm index. □ 
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Now let E\M + =: E + © EL be the decomposition into the ±l-eigenbundles of A. 
Since the principal symbol of D commutes with A, we can modify D and A on the tube 
(— 1, 1) x N, without changing the index, such that 

• A\(— |, |) x N commutes with 

. [D,A]\{-\,\) xN = 0. 

Then D\(-\, \) x N has the form 

D = D + ®D_, 

where 

B ± = r ± (A + s±) 

is as in (0~ED- Here D± lives on L 2 ((-±, §), L 2 (£ ± |iV)). 

Theorem 4.4.9 Let m be odd and G orientation preserving. The G-index of the 
Dirac— Schrodinger operator D + iA is given by 

ind(D max / min + iA, G) = ±^n(D,G) - -md(S+,iT + ,G) + -md(S-,iT-,G). 

Remarks We comment on two special cases. 

1. Theorem [4.4.9| contains a generalization of the Deficiency Index Theorem |4.3.2 . 
Namely, if A = I then D = D + and we obtain 

-n+(D, G) = ind(Anin + h G) = ~n(D, G) - hnd(S + , iT+, G), 

thus 

n + (D, G) — n_(D, G) = ind(S + ,iT + , G). 

Note that in this Section we have proved this result under weaker assumptions ((4.2), 
(4.3)) than in Theorem |4.3.2 . 



2. If the "singularity set" U is empty, i. e. M is complete, then N bounds and by 
virtue of the Cobordism Theorem [4.3. 1| , we obtain ind(S'_, ir_, G) = — ind(S+, iT + , G), 
thus 

ind(D + i, G) — -ind(5+, iT + , G). 

For trivial G = {1}, this is ||A2| , Theorem 1.5]. Note that we have another sign conven- 
tion than loc. cit. This explains the different signs in the index formula. 

Proof We extend D± to M+ by D± := |(1 ± A)D\(1 ± A) and obtain 
with respect to the decomposition E\M + =: E + © EL. If A is large enough then 
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is a FREDHOLM deformation and we obtain, putting T\ := T\ t i, 

md(D + iXA, G) = ind(T A , G). 

Here we have 



T\\M + 



D + +i\ 
D_-iX 



We attach a cone (0, 1) x AT to M + and extend D± to an operator D' ± onto (0, 1) x 
iV U M + such that near the cone tip 

OX X 

Now, the Deficiency Index Theorem |4.3.2| and the Relative Index Theorem for 
Dirac— Schrodinger operators |4.4.7| yield 

ind(An ax + iXA, G) = ind(T Ajmax , G) 

= ind(T Aimax , T Amax , G) + ind(T A max , G) 

= l - n {D,G)- l -n{D' +1 G)- l -n{D'_,G) 

+ind( J D+ imax + iX, G) + md(D'_ >iaax - iX, G) 

= l -n{D,G)+ l -{n_{D' + ,G)-n + {D' + ,G)) 

+^(n+(D f _,G)-n-(D f _,G)) 

= l -n{D, G) - l -md{S + , iT+, G) + ^ind(S_, tT_, G). 

For -D m i n the proof is completely analogous. □ 
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The results of Section |4.4j have a long history and it is impossible to give proper 
credit to all people who contributed results. We explicitly refer to the papers | Ual , Hi, 
[H|. |B1V1| , |X2] , |Bu2| , |Ka| | without claiming that this list is complete. Our exposition 

It was our aim to present the deficiency index theorem 



follows \\Kl\ , |A2|| very closely, 
for symmetric Chernoff operators and the index theorem for Dirac-Schrodinger 
operators in a unified way. The result is Theorem |4.4.£ . 

Finally we explicitly mention that for complete manifolds Proposition 4.4.5 is due 
to J. Roe (cf. |RT|, Proposition 2.8]). 



It is possible to extend the results of Section £Oj to real Dirac-Schrodinger 
operators. This is similar to the CZfc-Deficiency Index Theorem. It is a routine matter 
and we leave the details to the reader (cf. also ||Bu2|| ). 



Chapter V 



rj— Functions 



Summary 

This chapter can be viewed as an appendix to Chapters I and II. In Chapter II 77- 
invariants played a crucial role. They appeared in certain singular heat expansions. 
Moreover they are the boundary correction term in the index theorem of Atiyah, 
Patodi, and Singer resp. in the index theorem for manifolds with conical singularities 
Theorem |2.4.8|. Thus, it seems appropriate to look a bit more closely at these spectral 



invariants. 

The 77-function of an elliptic operator, P, is defined to be 



In view of Section |2J] the function rj(P, s) has a meromorphic continuation to C if the 
function 1 1— > Tr(Pe~ <p ) lies in the space £ as (R + ). However, for deriving an asymptotic 
expansion of Tr(Pe _<p ) the meromorphic extendability of rj(P, s) is not sufficient. 

In Section [TT] we therefore investigate quite abstractly the relation between asymp- 
totic expansions as t — > 0, t — > 00 of a real function and the meromorphic continuation 
of its Mellin transform. It turns out that these two properties are equivalent if one 
considers asymptotic expansions which can be differentiated and meromorphic func- 
tions with certain estimates on finite vertical strips (Theorems |5.1.4| and |5.1.5f ). This 
yields a soft proof of the fact that ('-functions of classical pseudodifferential operators 
on a compact manifold are of subexponential growth on finite vertical strips. Actually, 
they are of polynomial growth but our method is not able to prove this. However, our 
method is completely elementary while for proving the polynomial growth one has to 



use the wave trace expansion a la Duistermaat and Guillemin |L)G| , which is highly 
nontrivial and works well only for operators with scalar principal symbol. 

In Section |5.2| we discuss the asymptotic behavior of Tr(Pe~ tp2 ), t — > 0+, for dif- 



ferential operators of Fuchs type. Technically, this is parallel to the discussion of the 
heat trace, such that the presentation can be given more concisely than in Chapter II. 

As a by-product we also achieve the meromorphic extension of the //-function of 
operators of APS type. The crucial Lemma |5.2.4j shows that for these operators the 
local invariants of Tr(De~ tD2 ) vanish on a cylinder. Here again, as well as for the proof 



of the variation formula in Section |5.3| , our point of view is an axiomatic one. The 
existence of the //-function and the variation formula follow from the axioms (5.2.6)- 
(5.2.8). 
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Finally, in Section E]l we give a brief glimpse at the gluing formula for the n- 
invariant. The idea for proving this is very simple and can be explained within a few 
lines (cf. ( [4.5a| , b)). However, although the proof has been simplified considerably since 



the first proof of Bunke |Pu3|| , it is still beyond the scope of this book and hence will 
be omitted. 



5.1 (— and r\— Functions 

In this section we restrict the class of functions £ as (R + ) defined in Definition |2.1.1| : 

Definition 5.1.1 We denote by C^(R + ) the class of all functions f G C°°(R + ), such 
that the following holds: 

(1) There are asymptotic expansions 



f(x) ~x\o E E a Jk % as !og fc x, 

j=l k=0 



/(*) 



oo "j 

J x/oo E E h ik ^ log^ X, 
j=l k=0 



(1.1) 

(1.2) 



with aj,j3j G C, (Re aij) increasing, (Re (3j) decreasing, and lim Re ctj = +oo, 
lim Re (3j = — oo. 



(2) The asymptotic expansions (|1 . 1|) , ( |1.2| ) can be differentiated, i.e.: 



%(f(x)- E a jk^ hg k x) =0(x N ), x^O, (1.3) 

Re a k <N+K 



and, similarly, 



<9f (f(x) - E "ikx* hg k x)\ = 0(x~ N ), x -> oo. (1.4) 

Re k >-N+K 



As in Section |2.1| we will use the notation (f2|. |1.5| ) for convenience. Obviously, d x 
maps C^(R + ) into itself. 



In view of Proposition and Definition |2.1.2| the Mellin transform is well defined on 
C^(R + ). Moreover, for / G C^(R + ) the MELLIN transform, 



poo 

{Mf){z):=i x z - l f(x)dx, 
Jo 



(Mf)(z) 



ziz + V 



[z + k — 1 



;i.5) 



is a meromorphic function in the complex plane. 

Our aim is to characterize the space MC~(R + ). Let / G C^(R+). Then in view 
of (|1.3| ) and (|1.4j ) we can integrate by parts in ( |1.5| ) and obtain 



1.6) 
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Proposition 5.1.2 Let f G C™(R + ), c, d G R. T/ien, /or c < Re z < d and N > 

we have an estimate 



\(Mf)(z)\<C N \z\ 



-N 



\z\ > z > 0. 



Proof Once we have proved the estimate 

\(Mf)(z)\<C, \z\>z o >0 



;i-7) 



[1.7a) 



for any / G C^(R + ) then the estimate (1.7) will follow from (L6) and ( 1 . 7a ) applied 
to/W. 

To prove (|1.7a|) we write 



rl roc 

(Mf)(z)=J- x z - 1 f(x)dx + J- x z - 1 f{x)dx. 
To estimate the first integral we write 

/(*) = 



a ak x a log x + fx(x) 

Re a<-c+l 
0<fc<A;(a) 



with f^x) = 0(x~ c+1 ), X^O. 
Then we have for c < Re z < d 



x z fi(x)dx 



< C 



and 



hence 



[ x z ~ 1+a \og k xdx 
Jo 



< C\z + a\ 



-fc-1 



f(x)x z dx 



< C, \z\ >z >0. 



The estimate of the second integral in ( |1.8| ) is completely analogous 



;i.8) 



□ 



Definition 5.1.3 We put C£ (R+) := {/ G C£(R+) \ specif) = 0}. I.e. C~ (R + ) 
consists of all functions f G C^?(R + ) such that x a d^f(x) is bounded for x > 1 for 
arbitrary a, ft G Z + . 



Theorem 5.1.4 AfC™ (R + ) consists of those meromorphic functions in the complex 
plane, h G M.{C), such that 

(i) h(z) is holomorphic for Re z > c, c some real number depending on h, 

(ii) for any a, b G R, a < b there exists R > 0, such that h is holomorphic in T a b n{z G 
C | \z\ > R} and 



\h(z)\<C N \z\ 



-N 



z g r a , 6 , \z\ > r. 
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Proof If / G C^ (R + ) then properties (i), (ii) follow from Proposition p.1-4 
Conversely, consider h G A4(C) with (i), (ii). We put for a > c 

f(x) := — / x~ z h(z)dz. 



2ni Jt, 

In view of (ii) the integral is independent of a > c. Furthermore, (ii) implies that we 
can shift the contour of integration. 

Thus, for any b < a with no poles of h on I";, we find 

f(x) = —f x- z h(z)dz+ V Resi(x~ 2 /i(^)). 

Now it is easy to check that this gives the desired asymptotic expansion for /. Moreover 
Mf = h. □ 

Similar one proves 

Theorem 5.1.5 h £ MC™(R + ) if and only if 

(i) heM(C), 

(ii) for any a,b G R, a < b there exists R > 0, such that h is holomorphic in T at bn{z G 
C | \z\ > R} and 

\h{z)\ < C N \z\~ N , zeT a>b ,\z\>R, 



Theorems 5.1.4| and f>.1.5 tell us in what sense asymptotic expansions as t — > oo, t 



of a function are equivalent to the meromorphic extendability of its Mellin transform. 
Proposition and Definition |2.1.2| states that Mf has a meromorphic continuation for 
any / G £ as (R + ). However, it seems hard to characterize the space M£ as (R + ). 

We note an application. Let Q be a classical pseudodifferential operator on a com- 
pact manifold M, dimM = m, ordQ =: q. Choose another classical elliptic pseudodif- 
ferential operator P > 0, ordP =: p. Then one has the following asymptotic expansion 
( |grS§ Theorem 2.7]) 



Tr(Qe-' p ) ~ tV) ^ a^Q, P) ^-m-*)/* + ^ bj ( Qj P ) # \ ogt . (1.9) 

3=0 3=0 

Since this expansion result also applies to 

d k t Ti{Qe- tp ) = (-l) k Tr(QP k e~ tp ) 
we conclude that ( |1.9| ) is an expansion as in ( |1.3| ). Moreover, we have 

Tr(Qe-* p ) ~ t/oo Tr(Q| ker (P)) 

in the sense of ( |l-4j ). Hence 

t i — ► Tr(g e -* p ) - Tr(Q| ker (P)) 

is a function in C^ (R + ). 
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Next we consider the ^-function 

C ,p(a) := Tr(QP- s )= £ Tr(Q| ker (P - A))A" 

Aespcc P\{0} 



/■oo 

r(s)^ 1 / t s - 1 Plr(Qe-* p ) - Tr(Q\ ker (P))]dt, Re s » 0. (1.10) 
io 



In view of Theorem [TO Cq,p( s ) extends meromorphically to the complex plane 



with simple poles at the points (q + m — k)/p, k — 0, 1, . . .. Furthermore, 

|r(s)Co,p(s)| < Cjv^l^r^ |z| >^ >0,a<Rez<6. (1.11) 



Since the T-function decays exponentially on finite vertical strips, ( |1 . 1 1|) shows that 



Cq,p( s ) i s °f subexponential growth on finite vertical strips. If Q = I and the principal 
symbol of P is scalar then it follows from |pG|| that (p{s) is actually of polynomial 



growth on finite vertical strips. However, as far as the author knows, this is not clear 
for general Q, P. 

We note that ( |1.11|) is true whenever the expansion ( |1.9| ) can be differentiated. In 



particular, this is true for the expansions derived in Section EO. 
Finally we introduce the ^-function and the ^-invariant: 

Abstractly, consider a self-adjoint operator, P, with dense domain, T>(P), in some 
Hilbert space, H. If we assume that 

(P + i)- 1 eC p (H), for some p > 0, (1.12) 

(where C p denotes the von Neumann-Schatten class of order p) then the function 



,s + l, 1 
E 

2 



V (P;s) := Cp,M^) = Y(m)L ^- 1)/2 Tr(Pe~ tp )dt 



OO 







£ (sgnA)|A|- s (1.13) 

Aespec P\{0} 

is called the ^-function of P. 

If we have an asymptotic expansion 

Tr(Pe-* P Vt\o Yl a ak t a \og k t, (1.14) 

Re a— >oo 
0<fc<fc(a) 

then r](P; s) extends meromorphically to the complex plane with poles situated at the 
points — 2a — 1. Moreover, the principal part at —2a — 1 is given by 

i k(«) 

£ a ak (-l) k k\2 k+1 (s + 2a + l)"*" 1 . (1.15) 



1 \ 2 I k=0 



Finally, the ^-invariant of P is defined as 

rj(P) := Res r/(P;0). (1.16) 
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5.2 77— Functions of Fuchs Type Differential 

Operators 

For the discussion of the ^-invariant of a symmetric differential operator P, we need the 
asymptotic expansion of Tr(Pe~* p2 ), which is different from the heat asymptotics. First, 
we briefly present the extension of the considerations of Section pT2| to this situation. For 
that purpose let N be a compact manifold, Pq G DiS^' u (N A ,E) a symmetric elliptic 
differential operator, and P a scalable self-adjoint extension. We have a pointwise 
asymptotic expansion 



00 

n — m — 



tr((Pe" tp )(£,£)) ~ H EM(,^ 2 )i~ (2-1) 



ra=0 



and Lemma 2.2.3| immediately yields 

a n ((x,p),P,P 2 )=x^ m - n) ~ 1 a n ((l,p),P,P 2 ). (2.2) 
This is the analogue of (2. |2.6|) . We put 

k(t,P,P 2 ) := / tr((Pe-' p2 )(l,p,l,p))rfp. (2.3) 

J N 

Lemma 5.2.1 There exists a 5 > such that k(-,P,P 2 ) G i +l5 (R+). More pre- 
cisely, 

k(t,P,P 2 ) =0(H- a ), t^oo, (2.4) 

and 



n — m — fj, 

2^ 



k(t,P,P 2 ) ~ t _ E / a n ((l,p),P,P 2 )a!p t 1 

n=0 JN 

00 

_ — „ „ n — m—n 

=: 2 W P ) ( 2 - 5 ) 



ra=0 



Proof As in the proof of Lemma [2.2. 4| we start from the estimate 

\(Pe- p2 )(x,p,y,q)\<C(xyy^ 
for x, y < Xq,p, q G N. In view of the scaling formula (2. [2.3|) , we obtain 

\(Pe- tp2 )(x,p,y,q)\<C(xyy-h-^, 

thus ( |2.4j) is proved. The asymptotics as t — > is a consequence of (|2.1|) . □ 
The analogue of Theorem 2.4.6| is 



Theorem 5.2.2 Let Pq G Diff(f ,l/ (A^ A , E) be a symmetric elliptic operator and P a 
scalable self-adjoint extension. Then, for ip G C^°(R) with ip = 1 near 0, we have 



00 „ 

Tr(^Pe-* p ) Ef v(x)a n ((x,p),P,P 2 )dpdxt— 



n=0 JN 

+ _L Res (Mk(-, p, p 2 )){- 1 -) r 3 - -Um(^ i 32 ) r 3 log*. 
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Proof Analogously to the proof of Theorem |2.4.6| we find 



Tr{pPe- tp2 ) = I™ v^x- 1 -" [ ti{{Pe~ tp2 ){l,p,l,p))dpdx 

JO JN 

=: s- 1 -" / ip{x)F{-)dx 
Jo s 



with s := ti*> and 
Furthermore, we have 



F(0 = C 1 -"k(C 2u ,P,P 2 )- 



n=0 



and the assertion follows completely analogous to the proof of Theorem |2.4.6| . □ 
As an immediate consequence we obtain the following: 

Theorem 5.2.3 Let M be a compact manifold with conic singularities and let Pq G 
DifP'"(M, E) a symmetric elliptic operator. Assume for x < e 

OO o 

^o dx 

i. e. A k is constant for x < e. Let P be a scalable self-adjoint extension. Then the 
function 

f(t)=Tr(Pe- tp2 ) 

lies in £ as (R + ). More precisely, there exists an e > such that for t > t 

\f(t)\=0(e^) 

and 

OO p _ _ 

/(*) ~*-o Ef a n ^,P,P 2 )d^t^ 

„_„JM 



n=0" 



Now, 



~ Res (Mk(-, P, P 2 ))(-i)H - ^b m (P, P 2 )^ log t. 



V (P, s) : = T(^)- 1 £ t^Tr(Pe^> = T( S -±±y\Mf)( S -±±] 



is a meromorphic function in C with simple poles in m —^-^n ^ m. A priori, is a pole 
of order 2 . 

We put rj(P,0) := Res (v(P, -))( )- 

Our considerations show that for proving the existence of the //-function as a mero- 
morphic function in C, we only need the following data: 
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a Riemannian manifold as in (1.4.1), (2-6) 

a symmetric elliptic operator P : C^°(E) — > Cq°(E) and a self-adjoint , , 
extension P that has the property (SE) over U, 

an asymptotic expansion 



Tr(Pe~ tp2 ) E a ak t a \og k t. 

Rc a^oo 
0<k<k(a) 



X8) 



We now turn to the operators investigated in Section |4.2.1 



Lemma 5.2.4 Let D := T(^ + f{x)A), f(x) = 1 or f(x) = l/x, as in (ggjg) fresp. 
(|^.|2.4]) j. Assume that the deficiency indices of D coincide und let D a be a (scalable) 
self-adjoint extension as described in Section (4.2.1 . For ip e Cq°(R), we then have 



Tr{<pD a e- tD °) = 0. 

Proof We put 

e : L\E\N) -> L 2 (£|iV) , £ = -l ( _ OO)0) (A) © a © l (0lOO )(A). 

£ also acts on L 2 (E) in a natural way. Hence it leaves T>(D a ) invariant and anticommutes 
with D a . Consequently 

Tr{ipD a e- w *) = Tr{ipe 2 D a e- w °) 

= Tr{cpeD a e- tD °e) 

= Tr(<peD a ee- tD *) 

= -Tr(<pD a e- w °). □ 

As a consequence we obtain 

Theorem 5.2.5 Let M be a compact manifold with conic singularities (resp. with 
boundary) and D a symmetric elliptic differential operator on M. Assume that near 
the cone tip (the boundary) D has the form 

D = T(^- + f(x)A) 

with f(x) = l/x (resp. f(x) = 1), where F and A are as in Section |4.2.1| . If D a is a 
scalable self-adjoint extension, then D a has the properties (2.6)-(2.8). More precisely, 



The rj-function of D a has a meromorphic extension to C with the same poles as in the 
case of a closed compact manifold. 

If D is a Dirac operator and m = lmod 2, then 

a n {£,D,D 2 ) = 0, n = 0,---,m+l, 

i. e. r]{D rT ,s) is holomorphic for Re (s) > —2. 



5.3. The Variation Formula for the ^-invariant 
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Proof We already know that D a has the properties (2.6) and (2.7). (2.8) is a conse- 
quence of the preceding Lemma and Theorem 1.4.11| . The vanishing of the a n is [ BG 
Theorem 3.4]. □ 



Remark In the case of Dirac operators on a compact manifold with boundary the 
preceding theorem is due to |DW . 



5.3 The Variation Formula for the 77— invariant 

In this section we derive the usual variation formula for the //-invariant of a family of 
differential operators having the properties (2.6)-(2.8) provided the family is constant 
outside a compact set. By virtue of the last section, we know that (2.6)-(2.8) is true for 
differential operators of Fuchs type resp. operators of APS-type. For the rest of this 
section let P be a self-adjoint differential operator as in the preceding section which 
satisfies (2.6)-(2.8). Moreover, let (V a ) ae i be a C°°-family of symmetric differential 
operators with ordV a < ordP =: /j, J C R an interval, such that 

supp V a CK, (3.1) 
where K C M is compact with smooth boundary. We put 

P a -=P + V a (3.2) 
and assume that P a is elliptic for all a. 

Lemma 5.3.1 The operator P a is self-adjoint on T>(P). 

Proof Since P is elliptic we have T>(P) C H^ oc {E) and hence in view of ( |3.1| ) the 
operator V a maps T>(P) continuously into L 2 (E). 

We choose a cut-off function tp G C^°(M) with (p\K = 1. Then, for any u G T>(P) 

V a u = V a (pu = <pV a u. 

<fu G T>(V a!m i n ) by Lemma |1.1.15| and thus we find for u, v G T>(P) 



(V a u\v) = (y a u\<pv) = {u\V a ipv) = (u\V a v), 

i.e. V a is symmetric on T>(P). 

To prove the self-adjointness of P a on T>(P) we put P a := P a \V{P) and consider 
u G T>(P*). Then we find for arbitrary v G T>(P), with the ip as before, 

(P*u\v) = (u\P a v) = (u\Pv) + (ipu\V a v) 
= (u\Pv) + (V a (pu\v) 
= (u\Pv) + (V a u\v). 

This shows that u G T>{P*) = T>(P) and we are done. □ 



144 



5. 7/-FUNCTIONS 



From now on we write again P a for the operator P a . 
Let C C C be the domain 

C = {z e C | z = \z\e i<p , < e < \tp\ < 7T - e}. (3.3) 

Furthermore, we put 

P a := j-V a . (3.4) 

"a 

Lemma 5.3.2 (P a — \)~ k is a trace class operator for k large enough and A G C. 
Furthermore, for Ao > there exists a c > such that 

\\(Pa-X)- k \\tr<C 

for A G C, locally uniform in a. Moreover 

^Tr((P a - \y k ) = -kTr(P a (P a - A)^ 1 ). 
da 

Proof From (2.7) and Proposition |1.4.7| it follows that (P a — X)~ k is trace class for 
k large enough. Let a e /, Ao > be given. W. 1. o. g. let ±Ao ^ spec P ao . Since V a is 

o 

a C°°-family of differential operators of order < \x and supp V a CK, we find that 

/ ^ C(H»(K, E),L 2 (K, E)), a » V a 

is a C°°-map. We apply Lemma |1 . 1 . 1 7| to conclude that for e > there exists a 5 > 
such that, for |a — a | < 5, 

||(K-Ko)( J Pa -A )- 1 ||<5. 

Consequently 

||(K - V ao )(P ao - A)- 1 )) < e||(P ao - A )(P ao - A) _1 ||. 
For a suitable choice of e this is always < \ for |A| > Ao- We obtain 

oo 

(P a - A)- 1 = (P ao - A)- 1 E(-!) n ((K - K„)(Pa - A)" 1 )", (3.5) 

n=0 

thus 

ii(p a -A)- fc n tr = iKPa-xr'u 

< 2||(P ao -A)- 1 || Cfc 

< 2||(P ao - A )- 1 ||c fe ||(Pao " A )(P O0 " A) _1 || < C 

Here C k denotes the k th von Neumann-Schatten class. From ( p3|) we also infer 
that the map 

I^C k , a (P a - A)" 1 

is differentiable and 

/(P a - A)- 1 = -(P a - A)P a (P a - A)- 1 , 
da 

from which we obtain the assertion. □ 
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We need a simple lemma about the space of trace class operators. 

Lemma 5.3.3 Let I C R be an interval and Ti a Hilbert space. Let f,g : I —* 
Ci(7i) be continuous maps into the space of trace class operators. Assume f,g to be 
differentiable with respect to the operator norm in C(7i). Then, fg : I — > Cx(TC),a i— > 
f(a)g(a) is differentiable (with respect to the trace norm) and 

(fgy(a)=f'(a)g(a) + f(a)g'(a). 

Proof Let a £ I and choose 5 > such that [a — 5, a + 5} C I. Since g : I — > Ci(7i) 
is continuous, we have 

c:= sup IKOHci < oo. 

£e{a-5,a+5] 

We find for \h\ < 5 

f(a + h)g(a + h) - f(a)g(a) w 
II r / (a)p(a) - (a) lid 

/ f{a + h) - /(a) , \ 

< III ^ / W I g{a+h)\\ Cl 

+ \\f(a)(g(a + h) - g(a))\\ Cl + \\f(a) ^(a + h)^- g(a) _ ^ ^ 

< II /(Q + k) h ~ /(Q) ~ /'(a) ||c + H/'(a) || |j g (a + ft) - g(a) || Cl 
+ll/(a)lklP - </(a)|| — 0,/i - 0. 

Here we only have used the differentiability of /, g with respect to the operator norm 
and the continuity of g with respect to the trace norm. □ 

Proposition 5.3.4 Choose \i > such that ±/i spec (P a ) for a in a small interval 
and put 

Ea '■= l(-oc ,-n)U(ji,oo){Pa)- 

Then 

^-Tr(EZP a e~ tp «) = Ti{E^P a e~ tp " - 2tP a P^- tp ")). 
da 



For the definition of E% cf. the remark after (|l|. |4.24|) . 
Proof Denote by 71,72 the curves 

71 = {z e C 1 1 Im z\ — Re z — Re z > /j,} 

72 = {z £ C I I Im z\ = I Re z + Re z < — //}, 

where 7! is traversed downward and 72 is traversed upward. We put r := 71 + 72 . We 
use the preceding lemma with 

f(a):=EHP a e- t ^ = -L f \ e ~^\ Pa - X)^dX 

g{a) := E%e-W = ± [ e^ (P a - X)~ l dX. 

lixi Jr 
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The proof of Lemma |5.3.2| shows that the prerequisites of the preceding lemma are 



fulfilled. Integration by parts yields 

Tr(f(a)g(a)) = Tr(P£(P a e-^ 2 - tP.e"^)) 

Tr(f(a)g'(a)) = Tr(^(-tP a e-^)). D 

Now we obtain 

Theorem 5.3.5 With the notations of the preceding proposition 

rf{P a ,s) := T(^)- 1 -T t^Tr(E%P a e- tp2 «)dt 
I Jo 

is differentiable in a and 
The function 

I — > R/Z, a ^ fj(P a , 0) = -(v(P a , 0) + dimker P a ) mod Z 

is differentiable and 

d 1 



—fj(P a ,0) = —=f a m (^Pa,PM- 
da \ 7T jk 



Proof The main work is already done and we can adopt the usual proof for compact 
manifolds |]G], Sec. 1.10]. Since \i > 0, 



Tr(^P e-^) 

decays exponentially as t — + oo and we can differentiate under the integral for Re s 
large enough: 



^{Pa,s) = r(^l)- 1 QT ' t^Tr(EZP a e- tP «)dt 
-2 J™ t^Tr(EZP a Py tP Z)dt) 

q _|_ 1 POO _, „ 

-sri^-)- 1 t^Tr(E»P a P 2 a e~ tp2 »)dt (3.6) 
2 Jo 



= -sK{E»p a {Pty^). 

Since P a has compact support, we have the asymptotic expansion 
Tr(P a ^P a e-^ 2 ) E / a n (£,P a ,P a 2 R^ 



n=0 



and the assertion follows. □ 



5.4. A GLIMPSE AT THE GLUING FORMULA 
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5.4 A glimpse at the gluing formula 

In this section we briefly report on recent progress in understanding the gluing formula 
for the ^-invariant. 

First of all, the ^-invariant depends on the choice of the self-adjoint extension. For 
the operators of Theorem |5.2.5| we have 



Theorem 5.4.1 Under the assumptions of Theorem |5.2.5| let D (Tl ,D cr2 be two scalable 
self-adjoint extensions of D. Then 

rj(D ai ,0)-rj(D a2 ,Q) = -^logdet^^l ker (r - i)) mod Z. 

ZTTl 



For Dirac operators with APS boundary conditions this is |LW| , Theorem 3.1]. Their 
proof can essentially be adopted. 

Next, let M be a compact Riemannian manifold of dimension m and let 

D : C™(S) — ► C™(S) 

be a first order symmetric elliptic differential operator on the hermitian vector bundle 

Let iV C M be a compact hypersurface. We assume that N has a tubular neighbor- 
hood U isometric to (—1, 1) x N and that the hermitian structure of S is a product, 
too. Moreover, we assume that on U the operator Dq has the form 

i% = r(| + A), (4.i) 

as in (IH)-iB. 

Let D be the restriction of D to C^°(S\M \ N). This operator is no longer essen- 
tially self-adjoint; in order to obtain self-adjoint extensions one has to impose boundary 
conditions. The natural boundary condition inherited from M is the continuous trans- 
mission boundary condition. Interpreting sections of S with support in U as functions 
[—1,1] — > L 2 (N, S) in the obvious way, this boundary condition reads 

/(0-) = /(0+). (4.2) 

It is fairly clear that the resulting self-adjoint operator is unitarily equivalent to the 
closure of D in L 2 (M, S). On the other hand, D lives naturally on 

M cut := (M \ U) \J d[M \u) ((-1, 0] x N U [0, 1) x N) (4.3) 



obtained by cutting M along (we adopt here the notation from |DF| , p. 5164 and 
Sec. 4]). Thus, M cut is obtained from M by artificially introducing two copies of as 
boundary. 

We introduce the projections 

F + := l ( o,oo) (A), P.:=l ho0iQ) (A), P :=/-P + -P_. (4.4) 
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Then a natural interpolation between the continuous transmission and the Atiyah- 
Patodi-Singer boundary condition is given by the boundary conditions 



(4.5a) 



cos0P+(A)/(O+) = sm6P+(A)f(Q-), 
sin0P_(A)/(O+) = cos0P_(A)/(O-), 

P o (A)f(0+) = P o (A)f(0-), (4.5b) 
where \6\ < n/2. Furthermore, we introduce 

V e := {u e C°°(M cut , S)\u\U satisfies (gja] , b)} (4.6a) 

and 

D e := D \V e . (4.6b) 
With these preparations we can state the following result: 

Theorem 5.4.2 Let \6\ < vr/2. 

1. Dg is essentially self- adjoint. We denote the closure again by Dg. 

2. tj(Dq; s) has a meromorphic continuation to the whole complex plane with simple 
poles at m — k, k e Z + . is a regular point. 

3. The reduced 7]-invariant 



r)(Dg) = -(r](D d ) + dimker D e ) mod Z 



is independent of 6. 



This immediately implies the gluing formula in the version of Dai and Freed |PF 
Sec. IV]. 



For a proof of Theorem 5.4.2 and generalizations we refer to |BL5 
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List of Symbols 



Except a few standard notations, all symbols are explained at their first occurence. The 
standard notations are 



N, Z, R, C natural, integer, real and complex numbers 

R + = (0, oo) positive real numbers 

C(X),C°°(X) continuous functions on X resp. smooth functions on the 

manifold X 

C(X, E), C°°(X, E) continuous resp. smooth sections in the vector bundle E over 

X 

C(X) algebra of bounded operators on the Banach space X 

GC(X) invertible operators in C(X) 

UC{Ti) unitary operators on the Hilbert space Ti 

C p p-summable functions w. r. t. a measure 

L 2 (X, E) square summable sections in the hermitian vector bundle E 

spec (T) spectrum of the linear operator T 

supp (/) support of the function / 



The other symbols are listed below in the order of their first occurrence, 
dummy, dummy 
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